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Abstract

This text deals with gauge groups and their central extensions. We are introducing
the idea of gauge theories in the first chapter end explain why central extensions
of these groups, as certain symmetry groups of physical theories, are important in
the quantisation procedure of these theories.

In the second chapter we introduce principal fibre bundles K <— P — M as the
mathematical framework for gauge theories and develop for compact base spaces
an interpretation of their gauge groups Gau(P) as a subgroup of a finite product of
mapping groups C*®(V;, K) for finitely many trivial compact neighbourhoods V;.
In view of the extendibility of the results presented in this text we are formulating
these results for principal fibre bundles as well as for principal fibre bundles with
boundary.

Following ideas from [GI602] and [NeeO1], this viewpoint enables us to topologise
the gauge group and to obtain for locally exponential structure groups a Lie group
structure on Gau(P). This will be done in the third chapter. After introduc-
ing the concept of central extensions for Lie groups and some results about them
from [Nee(2] in the fourth chapter, we extend some results for the mapping group
C>®(M, K) from [NMO3] to gauge groups using their interpretation as mapping
groups. This will in particular lead to the construction of a central extension

Z — Gau(P)y — Gau(P)o

by the abelian group Z = 3/I" where 3 is a locally convex space and I' is the image of
the period map associated to the covariant cocycle constructed in the fifth chapter.
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Chapter 1

Motivation

1.1 Gauge Theories

Gauge theories occur in Physics in the description of elementary forces, namely
the electromagnetic, the weak and the strong interaction. We will roughly line out
a simple example to present the central idea of gauge theories, without going into
physical details.

The integral parts of physical theories are their equations of motion which describe
the behaviour of the considered physical systems. These equations are mostly dif-
ferential equations and one of the most interesting properties of these equations
are their symmetries. These symmetries are invariances under specific transforma-
tions A, where ¢ is element of a group G where these transformations may act on
various elements of the given equation, e.g. functions or (differential-) operators.
We say that A, is a symmetry of a given equation or theory and that G is their
symmetry group , if the physical statements of the theory are invariant under the
transformations A, for all ¢ € G (see below).

Symmetries give rise to conservation laws, forces and hence to physical statements
about the validity of the given theory. Roughly speaking, one divides the occurring
symmetries in two kinds, namely external symmetries and internal symmetries (cf.
Section .

External symmetries are always related to a coordinate change of the configura-
tion space, i.e. coordinate transformations. These symmetries are even present in
classical mechanics, where the invariance of F(t) = mo@(t) under Gallilei trans-
formations yields momentum conservation. Internal symmetries are more subtle.
They are related to changes of the mathematical description, which do not come
from a change of coordinates.

In Quantum Mechanics, the equation of motion for a quantum mechanical system,
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described by a function ¢ : R x R?® — C is the Schridinger equation

0
zaw(t,x) = AyY(t, x) (1.1)

(where 1 is assumed to be of sufficiently high differentiable order). The physical
relevant part of v is its modulus square

[W(t, ) = ¢"(t,2)(t, ) (1.2)

which integrated over a space time region gives the probability for the particle being
detected within this region.

Since both, (|1.1)) and (1.2)) are invariant under transformations of the state of the
form

P(t, ) — (Ap.))(t,z) == o Y(t, x)
for p e U(1) ={p e C:|p| =1}, ie.

(1, 3) = A(1,3) & D (AL x) = MM, (1, 2) (13)
U ()0t 2) = (M) (L D) A0t ) (1.4)

the group U(1) is a symmetry group of Quantum Mechanics. (1.4)) is also valid, if
¢ depends on z, i.e. if ¢ is a function ¢ : R? — U(1) and one of the next questions
might be to ask for the invariance of ([1.1) under transformations

U(t,x) = (M)t x) = @(x) Y(t, x)

for ¢ : R® — U(1). Of course, does not hold, because the product rule
produces additional terms. The problem here is, that the differentials are not
affected by A, and that there are no counter terms cancelling the additional terms
from the product rule. So we have to introduce these terms by the substitution

0 0
@'_’Du::%+€‘4u

where e € R is a constant and A, : R — iR = L(U(1)) are functions, which change

under A, according to
1 _, 0p
Ap A=A, — =~ '

e oxH

The D,, are called covariant derivatives and they transform as

1 0p
MorDy =+ A= 50
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and we obtain

(M- Dy (Ap (1)) = (1, 2) 92 (&) + () 02 (1,2
AP, ) — o) 22 (2)p(a) V{1, ) = A (Dyb(t, )

Now the substitution

a 2 3

=1

yields an operator, which is invariant under A, i.e.
(Ap- Do) Ay 0(t, ) = Ay (Acm,zb(t, x))

where Ay Au = D (Ay.D,)% We now substitute A in ([1.1) by the covariant
operator A, and (|1.3)) now reads

2 (t,2) = Ao (t, x) & Q(A@.l/))(t, z) = Ny Doy (M) (1, ) (1.5)

ot ot

We thus have incorporated a new symmetry in the considered theory. Now one
may ask the legitimate question, whether we only have made our theory more
complicated or really got some new insights. The answer is quite deep and is
the reason, why gauge theories are so important in our days physics. While the
functions A, only seemed to be counter terms to force the equations to be invariant
under A, they have the interpretation as the potential of a force (cf. Section .
This interpretation enables us to incorporate the description of forces into Quantum
Mechanics and leads in the appropriate context to an understanding of the quanta
of the three elementary forces mentioned above.

1.2 Central Extensions

Central extensions, especially by the circle group U(1) occur whenever one studies
representation of groups on Hilbert spaces which are induced by projective repre-
sentations. An extension of G' by Z is an exact sequence of groups

Z"—>CA¥—»G,

where this notion means that the homomorphism on the left is injective, the one
on the right is surjective and the image of the left hand equals the kernel of the
right hand homomorphism. Then Z can be considered as a subgroup of G and G
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is isomorphic to G /Z. 1f Z is central in G the extension is called central and if, in
addition, there exists a homomorphlsm c:G—G satisfying q o 0 = idg, then the
extension is said to split (cf. Section . If a central extension splits, then G is
isomorphic to a direct product Z x G and in this sense central extensions form a
context for decomposing groups into the parts they are built of which is more general
than direct products with abelian groups. Central extensions occur in quantisation
procedures, which will roughly be described in the remaining paragraph.

Having classified the symmetry groups of a given physical theory one wants to know
what the representation of these groups are. The most important representations
for quantised theories are the unitary ones, i.e. homomorphisms

v : G — U(H)

for a suitably chosen Hilbert space H. Since the unitary group U(H) is also a topo-
logical group [Sch95, Chapter III, Proposition 3.2], one requires the homomorphism
¢ to be continuous, whenever G is a topological group. A group, for which such a
homomorphism exists is called symmetry group of the quantum system represented
by the projective space

P := {one-dimensional subspaces of H}.

The projective space P inherits a projective product from the scalar product (-, -)g,
given for two states [x] and [y] by

1
)12y [1?

([=], [y])p = (z, y)u(y, v)u

As well as the unitary operators
UH) ={U :H — H: U is linear, bijective and (z,y)g = (U.z,U.y)n}

are the automorphisms of H, one considers for P the mappings

Aut(P) = {1 P =P ([a]. lyl)p = (£([e]). £ ([8])) }

as automorphisms. Clearly each U € U(H) induces a ¢(U) € Aut(PP) by setting
q(U)([z]) := [U.z], and we denote by

PU(H) = (U (H))

the subgroups of projective automorphisms coming from unitary operators. This
leads to the short exact sequence

U(1) — U(H) - PU(H)
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and PU(H) is a topological group with respect to the induced topology from U (H).
Now one axiom of quantum theory is that each classical symmetry group G admits
a homomorphism 7" : G — PU(H) which is required to be continuous if G is a
topological group. But this homomorphism does not lead in a natural way to a
unitary representation of G. Consider

G:={(Ug) € UMH) x G:q(U) =T(9)}

as a closed subgroup of the topological group U(H) x G. Then the homomorphisms
qJ: G — G, (U,g) — g and S : G — U(H), (U,g) — U are continuous, ¢’ is
surjective since ¢ is so and the kernel of ¢ is ker(q) x {e}. This leads to a central
extension of G by U(1), such that the diagram

commutes. Since the central extension U(1) < G — G will in general not split,
the classical symmetry group G will in general not be a symmetry group of the
quantised system, but a central extension G of G by U(1) with representation
homomorphism S : G — U (H).
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Chapter 2

Principal Fibre Bundles and the
Gauge Group

2.1 Manifolds with Boundary

Since we have to formulate the theory standing beyond the introductory example
for manifolds with boundary (for some reasons that will become apparent later on)
we first generalise the concept of a smooth manifold to manifolds with boundary.

Definition. Differentiable map, Differential, Smooth Map: If U C R”
is a set with int(U) # @ and F a locally convex topological vector space, then a
continuous map f : U — E is said to be a differentiable map or of class C* | if
fint = f |int(U) is of class C! as a map defined on open subset of R” and the map

fing : Int(U) X R® = E, (x,v) — df (x).v
extends continuously to U x R™. This extension is called the differential
df :UxR"— FE

and we inductively define f to be of class C* if its differential df is of class C*~1L.
Furthermore f is said to be smooth map if f is of class C* for all k € N.

Remark 2.1.1 Since int(U x R?*~!) = int(U) x R*~! we have for k = 1 that
(df )int = d(fins) and we inductively obtain (d* f)i = d*(fint). Hence higher differ-

entials d* f are defined to be the continuous extensions of the differentials d fiy.

Lemma 2.1.2 I[f U C R" and V. C R™ such that int(U) # &, int(V) # & and
f:U—=R" g:V — R are mappings of class C* such that f(U) C V and
f(int(U)) C int(V), then go f : U — R is a map of class C* and the differential
is given by d(g o f)(z).v = dg(f(z)).df (z).v.
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Proof: Since f(int(U)) C int(V) the map (g o f)in = g o fint is of class C' as a
map defined on an open subset of R". Then we have for v € R™ that the map

int(U) = R, z—d(go fir)().v=dg(f(x)).d fu(z).v
has the continuous extension
U—R, z—dg(f(z)).df(z).,

as the composition of continuous maps. Hence g o f is of class C' and the same
argument applies to mappings of class C* for arbitrary k, hence also for smooth
maps.

O

Having this chain rule we can introduce the concept of manifolds with boundary.

Definition. Manifold with Boundary: If M is a paracompact Hausdorff space,
then M is called a manifold with boundary if for each x € M there exists an open
neighbourhood U, C M of x and a homeomorphism ¢, : U, — V, called a chart
around x, such that

i) V, is open in the half space R := {(z',...,2") € R" : 2! > 0},
ii) for all x,y € M with U, N U, # @ the coordinate change
Pay 02Uz NUy) = 0y (Us NUy), 21— @y(@gl('z))

is of class C°.

The pairs (U;, i)icr are called a differentiable structure on M and a maximal dif-
ferentiable structure is called an atlas .

Remark 2.1.3 Since the coordinate changes ¢,, are in particular homeomor-
phisms between open sets in R it follows that points of the hyperplane H :=
{(z!,...,2") € R" : 2! = 0} are mapped by ., into H again. Hence the set

OM :={xeM:¢p,(x) € H}

is well-defined and is called the boundary of M. We get the conventional notation
of a smooth manifold (without boundary) if OM = @.

Remark 2.1.4 One has to take care when dealing with maps between manifolds
with boundary because one wants the maps to preserve the distinction between
boundary points and interior points. As seen in Lemma we have to require a
map f : M — N between manifolds with boundary to map int(M) into int(/N) and
in addition we require f to map OM into AN if OM and ON are non-empty. If one
of the sets OM or ON is empty, there is no additional requirement. We will always
point out these things in the corresponding statements, sometimes shortened by
requiring that f has the correct mapping property w.r.t. boundaries .
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Definition. Coordinate Map: If M is an n-dimensional manifold with bound-
ary, N a smooth manifold modelled on the topological vector space E and f : M —
N a continuous map, then f is said to be of class C' if for each point x € M
and each pair of charts ¢, : U, — R" and @) : Upn) — E the corresponding
coordinate map

Fooa(Ua 0 N Upw) = 050 Us)s 0:(y) = 05 (F )

is of class C! in the sense defined above. In the same way f is said to be of class

C* if f is of class C* for all charts and f is said to be smooth if f is of class C* for
all charts and for all £ € N.

Remark 2.1.5 Since the differentials of the coordinate changes are forced to ex-
tend in the same way to the boundary as f does it suffices to show that f is of class
C* for an arbitrary pair of charts to verify that f is of class C*. That is the reason
why the dependence of f on the charts is not made explicit in the definition.

A tangent vector to M is supposed to be something that looks like a vector in R”
attached to some point x € M which is in some sense invariant under changes of
coordinates. Thus two triples (z,v,¢,) and (x,v’,¢) with x € M, v,v" € R" and
©x, ¢, charts around x are said to be equivalent if

!/

v = d(g;" o ) ().

It is an easy calculation that for fixed x this relation actually defines an equivalence
relation on the set R™ x J, where J, C [ is the subset of the index set for a
differentiable structure on M consisting of all j € I such that z € U;.

Definition. Tangent Space, Tangent Bundle, Tangent Map: If M is an
n-dimensional manifold with boundary, then the tangent space at x € M is defined
to be

T.M := R" x J,)/~,

where ~ is the equivalence relation defined above. The tangent bundle TM is the
disjoint union of all tangent spaces

™ = U T, M.

zeM

For a smooth map f : M — N having the correct mapping property w.r.t. bound-
aries the tangent map is defined to be

Tf:T™ — TN, (-Ta [U,i]) = (f(iL‘), [d(gpj ofo 901_1)(901(55))1)7]})

where (Uj, ¢;) is a chart around f(x).
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Remark 2.1.6 Although this definition seems to be quite technical, the reader
should be reminded, that T, M actually is a vector space isomorphic to R™ which is
“attached to z”. That T'f is well-defined simply is the chain rule. Compared with
the ordinary differential df for maps between vector spaces, the tangent map 7' f
does not only yield the derivative df (z,v), but also keeps track of the evaluation
point z.

Lemma 2.1.7 If M is a manifold with boundary, so is TM. The projection
7:TM — M, (x,[v,i]) — x is a smooth map between manifolds with boundary
having the correct mapping properties w.r.t. boundaries.

Proof: Although the proof is straight forward, we will line it out to convince the
reader that on this stage there is no big difference to the non-boundary case. First
we have to define a topology on TM which turns it into a paracompact Hausdorff
space. This can be done by endowing TM with the initial topology w.r.t. the
mappings

-pry:TM — M, (x,[v,i]) — x
- pr;: TU; — R, (z,v,i) — v

where TU; denotes the tangent bundle of the open sub-manifold with boundary
U; of M (note that the differentiable structure on T'U; consists of a single chart
@i X dp;) and i runs through I. This topology is Hausdorff since the topologies on
M and R™ are, and the paracompactness also follows from the paracompactness of
the topologies on M and R™.

If (z,[v,i]) € TM with x € U;, then TU; is open in TM and the map

@i X dp; : TU; — Uy x R, (y, [w,1]) = (@i(y), dei(y).w)

defines a chart around (z, [v,i]). The requirement for the coordinate change to be
smooth is exactly the requirement for the smoothness of the coordinate changes in
M.
The smoothness of 7 holds trivially because the coordinate map of ¢; X dyp; is simply
the projection pr; : ¢;(U;) x R™, (z,v) — x which is smooth.
Since int(U; x R™) = int(U;) x R™ the definition of the charts for TM yields imme-
diately that (z,[v,d]) is a a boundary point in TM if and only if x is a boundary
point in M. Hence we have 7 (int(7'M)) = int(M) and 7(9TM) = OM.

O

Corollary 2.1.8 If M and N are manifolds with boundary and f : M — N 1is a
smooth map having the correct mapping property w.r.t. boundaries, then

Tf:TM — TN

1s a smooth map having the correct mapping properties w.r.t. boundaries.
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For the next definition (and also the preceeding corollary) we first had to check,
that TM inherits the structure of a manifold with boundary from M.

Definition. Higher Tangent Maps: If M and N are manifolds with boundary
and f: M — N is smooth having the correct mapping property w.r.t. boundaries,
then the higher tangent maps are inductively defined by

T f :=T(T"f) : T(T" *M) — T(T"'N).

Lemma 2.1.9 If M, N and O are a manifolds with boundary and f : M — N,
g: N — O are smooth maps required to have the correct mapping properties w.r.t
boundaries, then for the tangent maps T"f : T"M — T"N and T"qg : T"N — T"O
we have T"(go f) =T"goT"f.

Proof: The identity Tgo T f =T(go f) is
Ty(Tf(z,v,1]))

=(g(f(x)), [d(erogop;") (wj(f(:v))) d(pjo fop ) (pi(x)).v,k])
=(g(f(2)),[d(progo fop;")(pi(x))v,k]) =T(g0 f)(z,[v,i])

and induction on n yields the assertion.

T
T

f
f
O

Lemma 2.1.10 If M and N are manifolds with boundary and f : M — N of class
C*, having the correct mapping properties w.r.t. boundaries, then the tangent map
T"f : T"M — T"N is of class C*™™ for all n < k.

Proof: For n = 1 the tangent map 7" f locally is the map (z,v) — (f(x),df(x).v)
which is of class C¥~!. The assertion now follows by induction on n.
O

Proposition 2.1.11 If M is a manifold with boundary and (U;)ic; is an open
cover of M, then there exists a partition of unity (f;).cr subordinate to this open
cover.

Proof: The construction in the proof of [Hir76, Theorem 2.1] actually yields
smooth functions f; : U; — R also in the sense of manifolds with boundary.
O
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2.2 Principal Fibre Bundles

The following objects give the natural context gauge theories are formulated in.
The idea is that one wants to link the dependence on the phase factors to the
coordinates of the manifold M modelling the space time. The easiest way to do
this is to consider the space P = M x K for a Lie group K. Then K acts canonically
on P by ((z,k), k") — (z,kk'). Principal fibre bundles are generalisations of these
trivial bundles.

Definition. Equivariant Map, Invariant map: If K is a group acting on
sets X and Y, then a map f : X — Y is said to be equivariant or K-invariant if
flz-k)= f(x)-kforall z € X and k € K. If X and Y have the structure of
differentiable manifolds, K is a Lie group and the action on X and Y is smooth, then
the set of K-invariant smooth functions from X to Y is denoted by C>(X,Y)¥.

Definition. Principal Fibre Bundle: Assume that P and M are manifolds and
K is a Lie group all modelled on locally convex spaces such that K acts smoothly
on P from the right by (p,k) — p-k =: pr(p) and 7 : P — M is a differentiable
surjective map. Then P := (K, M, P,7) is said to be a principal fibre bundle if
for each x € M there exists an open neighbourhood U, C M and an equivariant
diffeomorphism O, : 771(U,) — U, x K such that W‘UI = pr; 0 O,.

Remark 2.2.1 Note that we do not restrict to finite-dimensional bundles here.
The reader not familiar with calculus in locally convex spaces and infinite-dimen-
sional manifolds is referred to Chapter [3]

Definition. Principal Fibre Bundle with Boundary: Assume that P and
M are finite-dimensional manifolds with boundary and K is a finite-dimensional
Lie group, such that K acts smoothly on P from the right and 7 : P — M is a
differentiable surjective map having the correct mapping property to boundaries.
Then P := (K, M, P,m) is said to be a principal fibre bundle with boundary , if
for each x € M there exists an open neighbourhood U, C M and an equivariant
diffeomorphism O, : 771 (U,) — U, x K having the correct mapping properties
with respect to boundaries.

Remark 2.2.2 The Lie group K is called the structure group , M the base space ,
P the total space and 7 the bundle projection of P. Since we will not consider any
other type of bundles in this text we will call a principal fibre bundle with structure
group K, with or without boundary, shortly a K-bundle . If we need additional
assumptions on the boundaries we will always point them out. A K-bundle is said
to be finite-dimensional if the total space P is a finite-dimensional manifold (then K
and M are automatically finite-dimensional). The open set U, is called trivialising
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netghbourhood and the diffeomorphism O, local trivialisation. For x € M the set
7~ Y(z) is diffeomorphic to K and is called the fibre over z. Note that it does in
general not admit a canonical group structure (cf. the following proposition).

Lemma 2.2.3 If P = (K, M, P,7) is a K-bundle, then M is diffeomorphic to the
orbit space P/ K.

Proof: We define f : P/K — M, [p] — w(p). This map is well-defined since
m(p- k) = pry(Oxpy(p - k)) = pry(Orp)(p)) = m(p), surjective since 7 is so and
injective since m(p) = w(p') = p’ = p - k which can be seen in a local trivialisation.
Since locally P is diffeomorphic to U, x K and the diffeomorphism commutes with
the action, f is locally the map (U, x K)/K — U, and hence a diffeomorphism.
O

Definition. Homomorphism, Isomorphism, Automorphism:
IfP=(K,M Pr)and P = (K,M', P',7') are K-bundles, then a smooth equiv-
ariant map f : P — P’, having the correct mapping property with respect to
boundaries, is called a homomorphism of K-bundles . 1t is called an isomorphism if
it is also a diffeomorphism. If P = P’ then an isomorphism is called automorphism
and the group of automorphisms of P is denoted by Aut(P).

Remark 2.2.4 The automorphism group Aut(P) is a group with respect to com-
position, since the inverse diffeomorphism to an equivariant diffeomorphism is again
equivariant as an easy calculation shows.

Lemma 2.2.5 A homomorphism f : P — P’ of the K-bundles P = (K, M, P, )
and P' = (K, M', P', ') induces a smooth map

fu: M=2P/K—M>=P/K, [p|—[f(p)

Proof: That f); is well-defined follows from the property of f being a homomor-
phism. Locally f); is the map y — 7’ (f(@;l(y, e))) and hence smooth.
O

Proposition 2.2.6 If P = (K, M, P,x) is a K-bundle with a global section, i.e. a
smooth map o : M — P such that wo o = idy;, then P is isomorphic to the trivial
bundle M x K.

Proof: The map f: M x K — P, (z,k) — o(x)k defines a global trivialisation.
U

The following example is the situation we are dealing with in most of the parts of
this text.
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Example 2.2.7: Homogeneous Spaces If GG is a Lie group and H a closed
subgroup, then the homogeneous space G/H is an H-bundle with total space G
and base space G/H. In particular we obtain for each sphere S™ a principal fibre
bundle with base space S™ when considering G = SO(n) and H = SO(n—1). Since
SO(n)/SO(n — 1) is diffeomorphic to the orbit of a point in S™ whose stabiliser
subgroup is SO(n — 1), e.g. (0,...,0,1), we have SO(n)/SO(n — 1) = S™ since
SO(n) acts transitively on S™.

Example 2.2.8: Frame Bundle If M is a finite-dimensional manifold, then

Pi=J{a} x {(v1,...,v0) € (TM)" :
zeM
(v1,...,v,) is a basis of T, M}

is the total space of the GL(n)-bundle with base space M and bundle projection
T: P — M, (z,v1,...,0,) — x. If o : U — pU) C R"is a chart, then U is a
trivialising neighbourhood with local trivialisation

O(z,v1,...,0,) = (p(x),dpg.v1, ..., dps.vy,).
This bundle is called the frame bundle of the manifold M.

One also wants to describe K-bundles by glueing trivial bundles by locally given
data, as describing a differentiable manifold by gluing open sets in R™. This alter-
native description of a K-bundle is given by the following proposition.

Proposition 2.2.9 If P = (K, M, P,7) is a K-bundle and (U;);c; an open cover
of M consisting of trivialising neighbourhoods with local trivialisations ©;, then for
each pair (i, j), such that U;NU; # @

07 (. k() = ©7 (2, ¢) (2.1)
defines a smooth function k;; : U; N U; — K, such that
kij(z)kj(z) = ky(x) for all x € U; N U; N U, (2.2)

Conversely if M is a manifold with an open cover (U;)icr, K is a Lie group and
for each pair (i,7), such that U; N U; # & smooth functions k;; - U;NU; — K are
given, such that is satisfied, then P := (K, M, P,m) is a K-bundle, where

Po=|J{i} xUix K/ ~
i€l
with
(i,2,k) ~ (j,y, k) &z =y € U;NU; and k;j(z) = K'k".

Then the bundle projection is given by 7([i,x, k]) = x and the action of K on P by
(7,2, k)] - K = [(i,z, kE")].
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Proof: (cf.[KNG3] for the non-boundary finite-dimensional case.) Defining the
smooth function k; : 771(U;) — K, p — pry (@i(p)), we see that

k’w(l’> = k?z (@J_l([E, 6))

is also smooth and hence the first assertion holds. To verify the second assertion
we introduce a differentiable structure on P by requiring the maps

UxK— P, (z,k)— ([z,x,k])

to be diffeomorphism onto their image. This equips P with the structure of a mani-
fold, possibly with boundary. Clearly the K-action on P is smooth and 7 is smooth
and surjective. The local trivialisations are given by the diffeomorphism introduc-
ing the differentiable structure on P. They are equivariant by the construction of
the K-action on P.

OJ

Definition. Transition Functions: The functions &;; from the preceding propo-
sition are called the transition functions of the K-bundle P. We will refer to a
bundle determined by its transition functions by P := (K, M, (U,)cr, kij)-

Example 2.2.10 If P is the frame bundle of the manifold M, then the values of
the transition functions k;;(x) are given by the matrix of the linear map

d(o; ' o wi)(x) : TyM — T, M.

Definition. Pull Back: If P = (K, M, P, ) is a principal fibre bundle, N is a
manifold without boundary and f : N — M smooth such that f(N) C int(M),
then the pull back f*(P) of P is defined to be the quadruple

fT(P) == (K, N,Q,pry)
where @ := {(p,n) € P x N : w(p) = f(n)}.

Lemma 2.2.11 If P, N, f and f*(P) are chosen as in the previous definition,
then f*(P) is a principal fibre bundle and the map
fr:@Q— P, (pm)—p
18 a homomorphism of K-bundles.
Proof: Since f(M’) C int(M), we can equivalently consider the restricted bundle

Pint = (K, int(M), int(P), ’/T’int( P)). If P is finite-dimensional the assertion follows

from [KNG3, Proposition 5.8]. Its proof also works for the locally convex case.
O
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Remark 2.2.12 If P = (M, K, (U, );cr, ki;) is a K-bundle given by local data, then
f*(P) is described by the open cover f~1(U;) of N and the transition functions

Kij U N fﬁl(Uj) — K, v ky(f(z)),

ie. fX(P)=(K,N, [~HU;), ko f‘ffl(UmUj))'

2.3 Connections on K-bundles

We want to introduce some geometry on K-bundles, which is supposed to extend
the notion of connections in Riemannian manifolds to arbitrary structure groups.
One ingredient is given canonically by the K-bundle structure.

Definition. Vertical Space: If P := (K, M, P,7) is a K-bundle possibly with
boundary, then V), := ker(dm,) C T,,P is called the vertical space to the fibre.

If we consider the fibre 77! (7(p)) as a sub-manifold of P, then V, = T,7 ! (x(p)).
Each V), is canonically isomorphic as a vector space to the Lie algebra €, the iso-
morphism given by

7, 8= T,P, &+ dny(e).,

where n, : K — P, k + p-k is the orbit map at p € P. This map is an isomorphism
of topological vector spaces since for a local trivialisation ©; around 7 (p) it coincides
with the map

£ do;! (ﬂ(p), ki(p)).d/\ki(p) (W(p), e).(O,{).

Hence the bundle structure admits a canonical subspace in each tangent space to
P. Now one wants to decompose T, P into the vertical subspace V,, and a suitable
complement, but this complement cannot be chosen canonically any more and we
have to introduce connections to determine these vector space complements.

Definition. Differential Form: If M is a smooth manifold, possibly with
boundary, and Y a locally convex space, then a smooth Y-valued k-form or dif-
ferential form on M is a function w assigning to each x € M a k-linear alternating
map w(p) : T*M — Y, such that in local coordinates the map

(p,v1,. .. v) = w(p) (v, ..., vk)

is smooth. We write Q¥(M,Y) for the space of smooth k-forms on M with values
in Y.

We consider the canonical K-action on K via conjugation ¢, : K — K, k' — k™ 'K’k
and the derived action Ad(k) := dcg(e).
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Definition. Connection, Bundle with Connection: If P := (K, M, P, ) is
a K-bundle, then a connection on P is a t-valued 1-form w € Q(P, £), such that

w(p)(1y(£)) = ¢ forall £ct (2.3)
pe(w) =Ad(k)ow forall k€ K, (2.4)

where p;(w) is the pull back of the 1-form w by the diffeomorphism py : P — P,
p — p-k. If wis a connection on P the pair (P,w) is called a K-bundle with
connection .

Remark 2.3.1 The horizontal space H, C T, P is defined to be the kernel of w(p).
Since 7, ow(p)’v = idy, and im (7, ow(p)) =V, each 7, 0ow(p) defines a projection,
and we have

T,P = ker(7, o w(p)) ® im(7, ow(p)) = H, ® V.

Since T,P = H, ®V, = T, M @ t as topological vector spaces, V,, = £ and all
these spaces are closed, we have that [, is isomorphic to T (,a. In addition, (2.4)
implies that dp(H,) = H, for all k € K.

Proposition 2.3.2 FEach K-bundle P = (K, M, P, ) with smoothly paracompact
base space M possesses a connection.

Proof: We choose an open cover (U;);er of M consisting of trivialising neighbour-
hoods. Then on each trivial bundle P, := U; x K define

wi(,k) : Tay P — Tap P, v — pry(v),

where pry : Ti, )P = T,U; @€ — £ is the projection to the £-component. Note, that
in the case of a trivial bundle, each tangent space T, P is canonically isomorphic to
the direct sum T5,)U; @ ¢.

Clearly w; defines a connection on each K-bundle U; x K. Now define a #-valued
1-form on P by setting

w(p) =Y filp)wi(p),

where (f;)ics is a partition of unity subordinate to (U;);e; and the sum ranges over
all j € I, such that 7(p) € U;. Since the sum is a convex combination, (2.3)) and
(2.4) are satisfied, and hence w is a connection form.

U

There are many different ways in describing a connection. An alternative one is
given by a unique lift of vector fields on M to K-invariant horizontal vector fields

on P.
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Definition. Invariant Vector Field: If P = (K, M, P, x) is a K-bundle we
consider TP as a K-module, where K acts via the differentials of the action on
P,ie. Tpp : TP — TP. Then a K-invariant vector field is defined to be a
K-invariant smooth function X : P — TP, such that X(p) € T,P. The set of
K-invariant vector fields are denoted by V(P)X.

Lemma 2.3.3 If (P,w) is a K-bundle with connection and connection form w,
then each wvector field X € V(M) has a unique lift to a horizontal K-invariant
vector field o(X) on P, i.e. dr(p).oc(X)(p) = X (7(p)), w(p)(c(X)(p)) = 0, and
o(X) e V(P)K.

Proof: The value of o(X) in p € P is uniquely determined by the requirement
dm,(o(X)(p)) = X(p) and w(p)(o(X)(p)) = 0, since dﬂ(p)‘Hp : H, — TrpyM and

w(p)‘vp : V, — ¢ are isomorphisms and 7,,P = H, & V,. Hence it remains to verify

the smoothness and K-invariance of o(X). First we define X’ to have in p € P the
value

X'(p) = d@;l(w(p),ki(p)).<X(7r(p)),O> e T,P
in 7, P for a local trivialisation ©;, such that 7(p) € U;, and we observe

dr(p).X'(p) = pry 0 dO;(p).(X'(p)) = X (7(p))-

Then o(X)(p) = X'(p) — Tp<w(p) (X’(p))) satisfies w(p)(o(X)(p)) = 0, hence

o(X)(p) is independent of the chosen trivialisation and thus defines a smooth vector
field. The first summand is invariant due to

407 (x(p- k), kilp - 1)) (X (w(p - 4),0))
:d<@fl(7r(p), ki(p)) o Pk>-<X (7(p), 0)
—dpu(p) © 407" (w(p), ki(p)). (X (7(9),0) )
For the second summand we note that
() = Ad(k) 0w = w(p). X' (p) = Ad(k™) w(p - k) (dpr- X' ()
Hence we get with 7, 0 pp = pr, 0, and 7, 0 A = 7y
dpe(p). 7 (w(0) (X' (1) ) = dlp 0 m)(e)-(w(p) (X'(0)) )
— dny(k).dpy(e)- Ad(K ™). (w(p - k) (X'(p - K)))
= dny(k)-dM(e).(w(p - B (X'(p- 1))
= iy (w(p - B) (X' (0 B) ) = 7t (o - B) (X' (0 K) ),
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such that the second summand is also invariant.
O

We now turn to the algebraic properties of the spaces C*°(P, €)X, V(P)X and V(M)
and their relationship.

Lemma 2.3.4 The spaces C*°(P, €)% V(P)X and V(M) are real Lie algebras.

Proof: Clearly V(M) is areal Lie algebra. We check that C>(P, £)* is a subalgebra
of C*(P, £) and that V(P)¥ is a subalgebra of V(P).

For £, € C(P, )X, we have that [¢,7] = (p — [£(p), n(p)D € C=(P, )X, since

(Ad(k).[€,n]) (p) - = Ad(k).[€(p),n(p)] = [Ad(K).£(p), Ad(K).n(p)]
= [ k)nlp-B)] = [Enl(p- k).

For the vector fields X,Y € V(P)X, the Lie bracket is defined to be the map
p = [X,Y](p) = de™ (7). (a () X (P) — X (5) Y (7)),

where ¢ : U, — ¢(U,) C Eis a chart around p, p := ¢(p) and X(@) :=dep).X(p')
for p’ € ¢(U,) and respectively for Y are the coordinate representations of the vector
fields X and Y. First we observe that for any vector field Z on P we have

dpe(p).Z(p) = Z(p- k) & Z(p - k) = dgn(®) X (5),

such that it suffices to perform a local calculation. Hence we may assume w.l.o.g.
that U, is an open subset of a locally convex space . Then

dpr [ X, Y](p) = dpx(p).(dY (p). X (p) — dX (p).Y (p))

= dpi(p).dY (p). X (p) — dpi(p).dX (p).Y (p)

= dpi(p).dY (p).dpp-1(p- k). X(p- k) —

= dpr(p).d(Y o pp-1)(p- k). X (p- k) —
L dp(p)-dprr(p- k).dY (p- k). X (p - k) —
=dY(p-k).X(p-k)—dX(p-k).Y(p-k) = [X,Y](p- k),

where i) holds since the second derivatives 9?py,(p)(Y (p), X (p)) cancel out. Hence
the Lie bracket of K-invariant vector fields is again left invariant and thus V(P)%
is a Lie subalgebra of the Lie algebra V(M).

O



2.3. Connections on K-bundles 19

The vector fields on M have canonically the structure of a C*(M,R)-module
(where C*°(M,R) is considered as commutative algebra), by means of (f.X)(x) =
f(x)X (x). This is also valid for C*°(P, €)X and V(P)X.

Lemma 2.3.5 The spaces C°(P, €)X and V(P)X possess the structure of a
C>°(M,R)-module defined by

(f€)(p) = f(7(p)é(p) for & € C=(P,e)F
(£ X)(p) = f(n(p)).X(p) for X € V(P)".

Proof: Since 7(p) = 7(p- k) and Ad(k) and dpi(p) are linear for all £ € K and
p € P this actually defines a module structure on C*°(P, )% and V(P)X.

O

Lemma 2.3.6 IfP := (K, M, P, 7) is a K-bundle, then the sequence of C*°(M,R)
modules and Lie algebras

C=(P, &) S () S v(M),
where (dn(X))(x) := dr(p).X(p) for some p € 7= ({z}), is ezact.

Proof: Since £ € C®(P,£)X is K-invariant, so is

T (E(p - k) = dnpr(e).£(p - k) = dny(k).dM(e).Ad(k).£(p)
= d(n, o pi)(€)-£(p) = dpr(p)-mp(e).£(p) = dpr(p).7(E(p)).

Since 7,(¢)(p) € V, we have that im(7) C ker(dm). If X € ker(dm), then
X(p) € V, = &, such that p — X (p) actually defines a ¢-valued K-invariant function
on P.

Since dr(p - k) = dmw(p) o Tpp-1(p - k) we see that dr(X) is well-defined for K-
invariant vector fields on P. Since dn,(e) is linear 7 is a module homomorphism.
Also by definition of the module structure on V(P)¥ we get that dr is a module
homomorphism.

What remains to show is that the mappings 7 and dr are also Lie algebra homomor-
phisms. For the vector field 7(£) € V(P)X we have the coordinate representation

;(\X/) (go(p)) = {(p) for a suitably chosen chart around p, such that 7 is a Lie algebra
homomorphism. Since passing to the coordinate representation of a vector field on

P commutes with dr, i.e. (dn(X))(p) = d7(p) (X)%Eg;) it is also immediate that dm
is a Lie algebra homomorphism.
O
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Lemma 2.3.7 The mapping o : V(M) — V(P)X from Lemmal[2.3.5is C>®(M,R)-
linear and for X, Y € V(M) the horizontal component of [o(X),o(Y)] is o([X,Y]),
i.e. [o(x),0(Y)](p) —o([X,Y])(p) €V, for all p € P.

Proof: The C*(M, R)-linearity follows from the construction of o(X). For X,Y €
V(M), we compute

dn(p)-([#(X), o(V)] (p) = o (IX.Y]) ) ()

= [ar.0(), dr.o (V)| () - dr(p).o (1. Y])(p)
since dr is a Lie algebra homomorphism. This shows that o ([X , Y]) is the horizontal

component of [o(X),o(Y)].
O

Summarising the preceding lemmas, we get the following proposition.

Proposition 2.3.8 If P = (K, M, P,7) is a K-bundle with connection given by
the horizontal lift of vector fields o : V(M) — V(P)X, then the exact sequence of

Lie algebras
Co(P, )" — V(P)" — V(M)

has a C°°(M,R)-linear splitting given by the connection o : V(M) — V(P)X.

Remark 2.3.9 The splitting can also be described by the connection form w,
considered as a map w : V(P)X — C>®(P £)%. We thus obtain the split exact
sequence of C*°(M, R)-modules

C=(P,e)K — V(P)K — v(M).

In general o will not be a Lie algebra homomorphism. The failure of ¢ being a Lie
algebra homomorphism is measured by the curvature of the connection o.

Definition. Curvature Form: If (P,w) is a K-bundle with connection, then
the €-valued 2-form

Q:V(P) x V(P) — C=(P,8), (X,Y)— dw(Xy,Yy),

where Xy, Yy denote the horizontal component of X and Y, is called the curvature
form of the connection w.
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Lemma 2.3.10 For a K-bundle with finite-dimensional structure group K, con-
nection form w and curvature form §Q, the identity

(X)) 1)) = o (XY () = [0(X), 0(V)](7)

holds for all p € P, where o : V(M) — V(P)X is the unique lift of vector fields
determined by w.

Proof: Since o(X) and o(Y) are horizontal we have

= o(X) (o (V) (p) ~ o(¥) (o)) (6) ~([o(X), o (V)] ()

J/

-~

=0

With Lemma [2.3.7| this yields the assertion since 7, <w (X (p))) is the vertical com-
ponent of any vector field X € V(P).

O

2.4 The Gauge Group Gau(P)

We now turn to the analysis of inner symmetries for a given K-bundle. Inner sym-
metries are supposed to be transformations of the total space which are compatible
with the group operation and which do not induce a transformation on the base
space.

Definition. Gauge Transformations, Gauge Group: An automorphism
f : P — P of the K-bundle P = (K, M, P,x) is called gauge transformation ,
if the induced diffeomorphism fy; : M — M, [p] — [f(p)] is the identity on M and
the group of gauge transformations

Gau(P) :={f € Aut(P) : [p] = [f(p)] for all p € P}
is called the gauge group .

Remark 2.4.1 The gauge group Gau(P) is a group with respect to composition,
since the inverse automorphism of a gauge transformation also induces the identity
on M.

Since a gauge transformation, as a fibre preserving map, maps each fibre in a
equivariant fashion into itself, it can be represented by considering for each element
in the fibre the group element & such that f(p) =p- k.
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Lemma 2.4.2 Each gauge transformation f € Gau(P) induces a K-invariant
smooth map vy € C®(P, K)X uniquely determined by requiring p - v;(p) = f(p)
for all p € P, and the map Gau(P) — C>(P,K)¥, f +— ~; is an isomorphism of
groups.

Proof: For p € P the value v;(p) is uniquely determined since the action of K on
P is free. Hence we see k~'y;(p)k = v4(p - k) since

p-kyp-k)=flp-k)=p-kv(p-k) k" = f(p).
=75 (p)

That 77 is smooth can be seen in a local trivialisation © : 771(U) — U x K for a
trivialising neighbourhood U of 7(p); defining the smooth function k : 7= 1(U) — K,
p — pry(O(p)) we observe

p-y(p) = f(p) =07 (7(p), k(p)) - 77 (p) = O(f(p)) = (x(p), k()7 (p))
= k(p) k(S () = 7(p)-

This shows that 7 is smooth. To see that the map f +— v is a homomorphism we
observe for f,g € Gau(P)

f(p) =p-7s(p) forall pe P
= f(9(p)) = 9(p) - ¢ (9(p)) forall pe P
(»))

i)
Fa®) =p-v@)vr(p-75P) =077 (P)7y(p) forall pe P
= Y(fog)(P) = V£ (P)v4(p) for all p € P,

where ) holds due to the K-invariance of y;. Clearly the map f +— ~ is injective
and since each map v € C°(P, K)¥ induces a gauge transformation via p — p-7(p)
it is also surjective.

O

Remark 2.4.3 Note that in the preceding lemma we passed from a subgroup of
the diffeomorphism group Diff(P) to a mapping group. This will enable us later on
to use existing results for mapping groups, respectively to modify them slightly to
the more general situation of gauge groups. In general the mappings in C*(P, K )&
do not factorise to mappings in C*°(M, K). This is the reason why we cannot
topologise Gau(P) directly, not even for compact base space M. However, under
certain restrictions we can identify Gau(P) with the well-known mapping group
C>®(M, K).

Lemma 2.4.4 If the K-bundle P = (K, M, P,x) is trivial or the structure group
K is abelian, then Gau(P) is isomorphic to the mapping group C*(M, K).
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Proof: a) If P is trivial, i.e. © : P — M x K is an equivariant diffeomorphism, and
f € Gau(P), then (yf)y : M — K, z — ~;(©7 (2, €)) defines a smooth K-valued
function on M.
b) If K is abelian the K-invariance of v implies that v, is constant on each fibre
and hence factors through a smooth map (y¢)y : M — K.
It is easily checked that the map Gau(P) — C>(M, K), f — (v;)m actually defines
an isomorphism of groups.

O

This result is the first hint how to topologise Gau(P), since locally restricted to a
trivial bundle the gauge group coincides with a mapping group. Since the sole ob-
struction for Gau(P) to be a mapping group is the absence of a global trivialisation,
we expect Gau(P) to look like a product of mapping groups, twisted somehow. We
will turn to this subject in Section [3.3]

Having clarified the mathematical framework, we now turn again to the physical
interpretation of gauge theories for finite-dimensional K-bundles. A connection
form w is supposed to represent the potential of a force. This connection form can
in local coordinates, i.e. in a trivialising open subset U C M, be expressed as a
tuple of functions A, : U — ¢,

T w(p)(%(p))

where p € 77'(z), 1 < u < n and n = dim(M). These functions are the same
functions as in Section [I.1 and they are called in the physical literature local gauge
potentials. The exterior derivative of this 1-form is the curvature 2-form, having in
local coordinates the coefficient functions
0 0
F, (x)=—A,(x)— —A,(x
) = 5 Ay(2) = 20 Ay (@)

(cf. Lemma . This tensor is called in the physical literature the energy-
momentum tensor. If this tensor vanishes, i.e. if the connection w is flat, the force
vanishes. Hence the force, described by a connection in a K-bundle, has the inter-
pretation of the curvature of this bundle. Since gauge transformations are supposed
to map connections describing the same force into another, one is interested in the
space of connections modulo gauge transformations. To understand this statement
we have to clarify which structure the space of all connections for a given K-bundle
has and how the gauge transformations act on this space.

Lemma 2.4.5 The space conn(P) of connections for a fized K-bundle P is an
affine space with translational vector space

Q5(P,B)F = {we QY(Pe)F w(p)\vp =0}
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of t-valued 1-forms on P, vanishing on the vertical subspaces, where the action of
K on QY(P,¥) is given by the pull back (k,w) — pj(w). Hence

conn(P) = wp + Q5(P, &)

for an arbitrary connection form wy, such that conn(P) is an affine subspace of the
vector space Q' (P, €)X,

Proof: This is an easy calculation.

O

Gauge transformations act on connections via the pull backs of the diffeomorphism
they describe, i.e.

Gau(P) x conn(P) — conn(P), (f,w) — f*(w).

Hence the configuration space of a gauge theory described by a K-bundle P is the
space conn(P)/Gau(P).

2.5 K-bundles over S*

Since the bundles over S' will play a crucial rule in the following text we derive
here a characterisation result for them.

Proposition 2.5.1 Let P = (K, M, P,x) be a finite-dimensional K-bundle with-
out boundary and w be a connection with vanishing curvature. If M is simply
connected, then P is isomorphic to the trivial bundle (K, M, M x K, pry).

Proof: [KNG3, Corollary 9.2]
U

Proposition 2.5.2 Fach K-bundle P = (K,S', P,7t) over S' with finite-dimen-
sional structure group K is isomorphic to a bundle of the form

P = (K,Sl,Pk,ﬂ)

with k € Ky, where
PkZ:RXkKizRXK/N (25)

with (x, k") ~ (x +n, k7"E).
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Proof: Consider the open cover (Uy, Uy) of S consisting of Uy := exp (i(—¢,1+¢))
and Uy := exp (i(1—e,2+¢)) for e < 1. Then each restriction of P to the K-bundle
over Uy, U, is flat since every 2-form on the circle vanishes. Hence the restrictions
to the bundles over U 5 are isomorphic to U; x K, i.e. ©;: P, := 7 1(U;) = U; x K
are equivariant diffeomorphisms, due to the preceding proposition. We can also
assume the pull back d(©;')*(w) of the connection on P to connections on U; x K
to be the canonical connection [KNG3, Theorem 9.1], and hence the description of
the connection via horizontal lifts is

o V(SH = VU x K)X, X — <p»—> (X(p),())).

Now consider the two curves v : I} = (—¢,1 +¢) — St and 1 : I, :=
(1—¢,2+¢) — S, t— €™ For each py € 7 (f) these curves can be lifted to
unique horizontal curves Yhor; : I; = P, i.e. Yhori(to) = Do, Ynori(t) € Ha,., ) and
dﬂ-’y}]ori(t)"yhoti(t) = ﬁ(t)v fori=1,2.

Since the local trivialisation were assumed to preserve the connection we have the
description of the horizontal lifts Yy (t) = ©;" ((%(t), k:z-(po))> since the connec-

tion on U; x K is the canonical one. Hence the uniqueness of the horizontal lifts
and the definition of the transition functions ks : Uy N Us; — K implies that

Yhor () - k12(71 (1)) = Yora (1) = (lﬁz (’Vl(t)),%(t)) = (e,72(t))

for all t € U; N U,. Hence %(]{12 (’yl (t))) = 0 and thus ki is constant on every

connected component of U; N Us.
Denoting by k1 and ks, the values of k15 on the two connected components of U; MUy
we consider the isomorphism P, — Py, (2,k') — (k) - k3*. This isomorphism

changes the value of the transition functions to kia(x) = kia(x)k, ' and we see that
we can assume ky to be e, whereby k; changes its value to k = kik; *. Hence

is a well-defined continuous curve from e to k. Finally the construction procedure
of Proposition yields that the bundle determined by k can be described by
2.3

O

Corollary 2.5.3 If P = (K, M, P,m) is a finite-dimensional K-bundle with con-
nectionw and o : S* — M smooth then the pull back o*(P) is described by k € K de-
termined by aner(0) -k = anec(1). In particular for a given bundle P = (K,S*, P, )
we obtain the describing element k € K by lifting the identity on S' and considering
the difference of start- and ending point.
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Remark 2.5.4 The preceding Proposition also follows from Proposition [2.5.]]
when one considers the universal covering map f : R — S! and the pull back
f*(P) to a bundle over R which is flat and hence trivial. In general the element
k € K obtained in the preceding corollary depends on the choice of a connection
on P, but different connections lead to isomorphic bundles.
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Chapter 3

Differential Calculus in Locally
Convex Spaces

3.1 The Gateaux Derivative

In this text we follow the notion of differentiability on locally convex topological
vector spaces dating from Hamilton and first applied to Lie groups by Milnor in
[MiI83].

Definition. Gateaux Derivative, Differentiable Map: If E, F' are topolog-
ical vector spaces, F' is locally convex and U C FE is open, then for a continuous
map f:U — E, x € U and v € E we consider the Gateauz derivative

i (2).0 = %Lné%(f(z 4 hw) — f(2))

whenever the limit exists. We say, that f : U — F is of class C' | if df (x).v exists
for all x € U, v € E and the map

df :U X E — F, (z,v) — df(z,v)

is continuous. Inductively f is defined to be of class C* ,if df : U x E — F is of
class C*~1 and d* f := d*~! (df) Furthermore f is said to be of class C* or smooth
, if it is of class C* for all k& € N.

Remark 3.1.1 In the following we will sometimes write df (z,v) instead of df (z).v
when pointing out that we consider df as a map of two variables and not as linear
maps dependent on a variable x.

The link to the directional derivatives and their continuity is given by the following
lemma.
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Lemma 3.1.2 (Directional Derivatives) If E, F' are topological vector spaces,
F is locally convex and U C E is an open subset and f : U — E is of class C*,
then the directional derivative , inductively defined by

O f(x).(vr,...,v)

— }1}3(1) h((‘)’C (@ 4+ hog).(vr, .. o) — OF L f (). (v, - ,vk,l)),

with °f = f exists for all x € U, (vy,...,vx) € E*. The map 0"f : U x E¥ — F
s continuous and satisfies

d* 1 (df) (2, v1)- ((02,0) ..., (03, 0)) = OF f(2).(v1, ..., vk) (3.1)
for all k > 2.

Proof: Since the fact that f is of class C* implies that d*~*(df) is continuous, we
only have to verify (3.1)) by induction on k. The case k = 2 reads

d(df)(a:,vl)(vg,()) = hm (df((a: v1) + h(ve, O)) — df(x,vl))
= lim — (df((x + hvy,v1)) — df (z, U1>> = 0*f().(v1, o)

h—0 h

because d' f(z,v) = df (v.v). Now assume, that holds for k& € N and calculate
dk(df)((x 1), (v2,0), ..., (Ug11,0))
= tim 3 (@ (dF) (e,01) + hlvrar. 0), (02.0). ... (v,0))
= A (df) (1), (22,0), . (44, 0))
~lim (8’“]‘((90 + hvg),vn,s o) — O f (v, ,w)
- ak“f(:c,vl, o Uke)

Thus (3.1)) also holds for & + 1.
0]

The reason why we assume Y to be locally convex is that for locally convex spaces
one has the notion of a weak integral. This provides a powerful tool in many
calculations, namely the generalisation of the Fundamental Theorem of Calculus

b
1) = 2la) = [ (o)
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Definition. Weak Integral: Assume that F' is a locally convex vector space,
I C R is an open nonempty interval, a,b € I and v : I — F is a continuous curve.
If there exists a z € F' such that

Az) = / Ay (8))dt (3.2)

holds for all A € F’, where F’ denotes the space of continuous linear functionals on
F, then z =: f; ~(t)dt is called the weak integral of v from a to b. The element z
is uniquely determined by since F' is assumed to be locally convex and hence
the elements of F” separate the points of I’ by the Theorem of Hahn-Banach.

Proposition 3.1.3 If F' is a locally conver vector space, I C R is an open non
empty interval, a,b € I and v : I — F is a curve of class C!, then

where ' (t) := dry(t).1.

Proof: For A € F’ we have

(o) (1) = lim 3 (A (2 + 1)) = A(3(0) )
— )

= ,{igg)AG(v(t +h) - v(t>)) (}gé%(v(t +h) - v(t))) = \(Y(®))

due to the linearity and the continuity of A. Thus Ao~ : I — R is a continuously
differentiable curve with (Ao~)'(t) = A(v(¢)'). Hence the (standard) Fundamental
Theorem of Calculus yields

AG0) = 1(@) = (Ao )0) ~ (hoa)la) = [ (or) = [ A )

Since A € I’ was arbitrary, 7(b) — y(a) satisfies the defining properties of the weak
integral f: v (t)dt.
U

3.2 Groups of Mappings
Since we will mostly be interested in mapping groups, such as C*(M, K) for a

compact manifold M, possibly with boundary and K a Lie group, we are now aiming
at giving these groups a Lie group structure. First we recall a few results from
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[GI603]. If X is a topological space and F' a topological vector space, then C(X, F)
endowed with pointwise operations and the topology of uniform convergence on
compact subsets is a topological vector space. The topology on C(X,G) coincides
with the compact open topology and hence the evaluation maps

ev, : C(X,F)— F, f+— f(x)

are continuous for all x € F. If, in addition, X is Hausdorff and F' is locally convex
the same holds for C'(X, F).

Definition. Topology on C*°(M,F): Assume that M is a finite-dimensional
manifold with boundary, modelled on the finite-dimensional vector space E and F
is locally convex space. There exists a natural embedding

C(M,F) — [[C(T*M,F), fr (d"f)ien,

k=0

where d¥f := prow o T*f. We endow C*°(M, F') with the topology making this
map a topological embedding, i.e. with the coarsest topology making all the maps
C®(M,F)— C(TM, F), f — d*f continuous.

Remark 3.2.1 Since the product topology is the final topology w.r.t projections
amap f: X — C®(M,F) for a topological space X is continuous if and only if
the maps X — C(T*M, F), v — d*(f(x)) are continuous for all k € N.

Lemma 3.2.2 If M is a finite-dimensional manifold with boundary possessing a
countable differentiable structure (¢;, U;)ien and F a Frécht space, then C*(M, F)
1s a Fréchet space too.

Proof: If U C R" is a manifold with boundary and F' is a Fréchet space then the
topology on C(U, F') can be described by the seminorms

sup,ey, (p; (1)) : C(UF) = R

where p; are a countable family of seminorms describing the topology on F' and
V; C U are a countable family of compact subsets covering U. Hence C(U, F)
is a Fréchet space. Since the topology on C°(M, F') coincides with the topology
induced by the maps

C=(M, F) = O(TH (@iU), F), [ d“(foi),

which are countably many, it can be described by countably many seminorms and
hence is a Fréchet space.
O
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The aim of this section is to show, that for a smooth map f : M x U — F the map
fi : C®(M,U) — C=(M,F), v+ fol(idy,) is smooth. We first observe

Lemma 3.2.3 If E is a locally convex spaces, U C FE is open and M is a compact
manifold with boundary, then the set

C*®(M,U) :== C*(M,E)nUM ={f € C*(M,E) : f(M) C U}
is open in C>°(M, E).
Proof: Since C®(M,U) = C(M,U) N C>(M, E) and
C(M,U)={f e C(M,E): f(M)C U}

is open in C(M, E), C*(M,U) is open as well.
U

For the rest of this section we will follow closely the way described in [GI602), p.366-
375] and [NeeO1], where the results are proved for manifolds without boundary. The
results carry over in exactly the same way for the case of manifolds with boundary
and the main point are the correct definitions and observations made in Section

21

Lemma 3.2.4 If M and N are finite-dimensional manifolds with boundary, F' is
locally convex and f : N — M 1is a smooth map having the correct mapping property
w.r.t boundaries, then the pull back

J* i CF(M,F) — C®(N,F), 770 f

18 continuous.

Proof: Since f is smooth we know that 7% f is continuous for all £ € N. Hence
d*o f*: C®(M,F) — C(T*N,F), v+ d*(yof)=dvoT"f

1s continuous.

O

Lemma 3.2.5 If M is a finite-dimensional manifold with boundary and E a locally
convex space, then the map

C*(M,E) — C*(TM, TE), v+ T,

where Ty([x,i,v]) = (y(x),d(y o ©; ) (pi(x),v)) is continuous. In addition, the
maps inductively defined by

C™®(M,E) — C®(T*M, E*), ~ s Ty = T(T" ')

are continuous.
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Proof: The map C*(M,E) — C>®(TM,E), v — dy = pryo T+ is obviously
continuous. In addition, the map C*(M, E) — C*(TM,E), v — 7 o7 is contin-
uous by Lemma [3.2.4] where 7 : TM — M is the bundle projection. Identifying
C®(TM,TFE) canonically with C*(TM, E) x C>*(T'M, E), we thus observe that
the map ~ +— Ty is continuous.
The continuity of the maps v + T*~y follows directly from the definition as a
composition of k£ continuous maps.

0]

Lemma 3.2.6 If M is a topological space, E and F are topological vector spaces,
UCFE isopen and f: M x U :— F is continuous, then the mapping

15 continuous.

Proof: [NeeOl, Lemma III.6]
O

Lemma 3.2.7 If M is a finite-dimensional manifold with boundary, E and F are
locally convex spaces, U C E s open and f : M x U — F is smooth, then the

mapping

18 continuous.
Proof: For v € C*(M,U) we have

T(fy7) = T(f o (idns, 7)) = Tf o T(idar, ) = Tf o (idgar, T) = (Tf)s(T)
and thus inductively

T"(fyy) = T(T" ' (fyn)) = T((T" )T 1)
=T(T" ' fo (idpi-1ar, T" 7)) =T"f o (idgnn, T"y) = (T f) Iy

We now can write the mapping v +— T"(fyy) as the composition of the two maps
v+ (idgnar, T™y) and (idgn s, T™y) — (T f )47y which are continuous by the two
preceeding lemmas. Hence the map

fﬁ : OOO(M7 U) - COO(M7 F)a Y fo (idM"Y)

is continuous because a map from any topological space to C*°(M, F') is continuous
if all composition with d” = pry, o T™ are continuous (cf. Remark [3.2.1]).
O
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Proposition 3.2.8 If M is a finite-dimensional compact manifold with boundary,
E and F are locally convex spaces, U C E is open and f: M x U — F is smooth,
then the mapping

18 smooth.

Proof: (cf. [NeeOll, Proposition II1.7]) We claim that

d*(f;) = (dz); (3-3)

holds for all k € N, where d& f(z,y).v := d*f(z,y).(0,v). This claim immediately
proves the assertion due to Lemma |3.2.7]

To verify we perform an induction on k. The case k£ = 0 is trivial, hence
assume that holds for k € Ny,

v € C®(M,U x E* 1) = C®(M,U) x C=(M, E)*!

and
n e C™(M,E*) = C>(M, E)*.

Then im(y) C U x E?*~! and im(n) C E* are compact and there exists an ¢ > 0
such that
im(y) + (—¢,¢)im(n) C U x E*~1,

Hence v + hn € C°(M,U x E*71) for all h € (—¢,¢) and we calculate

(A £ ) ) = lim & (@ o+ ) — () ()
2 lim ( $F (. 7(@) + () = dsf (2,7()) )
( 7) + thn(2)) ), n(w))dt
@ hmdQ(( 2) + thn(s ),m)
e

_ (), <>) (d’““f) (3,m) (@)

where i) holds by the induction hypothesis, 7i) holds by the Fundamental Theorem
of Calculus (Proposition and is the clue in this proof. Finally i) holds
because the integrand is uniformly bounded as a continuous function on the compact
set [0,1] x [=5,5]. This establishes our claim and hence completes the proof.

hm

O
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Corollary 3.2.9 If M is a manifold with boundary, E and F are locally convex
spaces, U C FE are open and f : U — F smooth, then the push forward f, :
C>®(M,U) — C®°(M,F), v+ fo~ is a smooth map.

Proof: Deﬁnef :M xU — F, (x,v) — f(x) and apply Proposition . Then
f« is given by f; and hence smooth.
O

3.3 Gau(P) as Lie group

First we will construct a smooth Lie group structure on the space C*°(M, K) for
an arbitrary Lie Group K by applying the following proposition.

Proposition 3.3.1 Let G be a group with a smooth manifold structure on U C G
modelled on the locally convex space E. Furthermore assume that there exists V C U

open such thate € V, VV C U,V =V~ and
i) VxV —=U, (g,h) — gh is smooth,

1

i) V-V, g g~ ' is smooth,

ii1) for all g € G there exists an open unit neighbourhood W C U such that
g Wqg CU and the map W — U, h +— g~thg is smooth.

Then there exists an unique manifold structure on G, such that V' is an open sub-
manifold of G which turns G into a Lie-group.

Proof: [GI603, Chapter 15]
[

Now let M be a compact manifold with boundary and assume that K is an arbitrary
Lie group modelled on the locally convex space E and that ¢ : U — U := ¢(U) is
a chart around e. We consider the push forward

i : C°(M,U) — C™(M, U), v oy

which is bijective and equip C*°(M,U) with the manifold structure making ¢, a
diffeomorphism. Note that C*°(M, U ) is an open subset of the locally convex space
C*°(M, E) due to Lemma [3.2.3

Since K is a topological group there exists an open unit neighbourhood V- C U
such that VV C U and V! = V. Then C*(M,V) is an open sub-manifold of
C>(M,U) since C*°(M,V) = ¢.(C>(M,V)) is open. Furthermore the maps
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S Vx V= U, (2,y) = o(e (@) (1))
VoV, - o(p(x)™)

are smooth and so are their push forwards
- iyt C(M,V x V) — C=(M,U), (v,1) — mo (y,n)
C G C¥(M, V) = C®(M, V), y—iony

due to Corollary |3.2.9. We thus have made the first step towards the following
proposition. First we need a technical lemma.

Lemma 3.3.2 If X is a compact topological space, K is a topological group, U C K
18 an open unit neighbourhood and f : X — K is continuous, then there exists an
open unit neighbourhood W C K and an open neighbourhood P of f(X) such that
pWp=t CU forallp € P.

Proof: For all # € X there exists an open unit neighbourhood W, such that
f(@)W,f(z)~" C U. Then choose an open unit neighbourhood W, C W, such that
W1 =W, and W,W,W, C W,. Since f (X)) is compact it is covered by finitely
many sets f(x1)W,,, ..., f(x,)W,,. Set W =n" W, and P = f(X)W. Ifpe P
then we have p € f(x;)W,, for at least one 1 < i < n. Hence

pwp~ € f(2:)Up,Up, Uy f(ai) ™ C f(ai)Us, flai) ' CU

Ti~ x;

holds for all p € P and w € W.
O

Proposition 3.3.3 If M is a compact manifold with boundary and K is a Lie-
group modelled on the locally convex space F', then C*°(M, K) is a Lie group w.r.t.
pointwise group operation and the topology induced from the push forwards

@, C°(M,U) — C®(M,U), v+ por
where ¢ : U — U is a chart around e.

Proof: We continue with the notation introduced above. What remains to check
is ii) from Proposition so assume v € C*(M, K). The preceding lemma
yields an open neighbourhood P of (M) such that p~'Wp C V for all p € P. Set
W= @(W). Since conjugation ¢ : K — K is smooth, so are the maps

FiPxW =7, (my) = o(ale W),
f-MxW—=V, (x,y) Hf(v(x),y)
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Proposition now implies, that
fi: CX(MW) — C®(M,V), 0 fo (i)
is smooth. For 2 € M we see that
fin)(@) = f(a,n(x)) = f(y(x),n(x)) = so(cm(w‘l(n(m)))

is the coordinate map of conjugation with . This completes the proof.
OJ

Corollary 3.3.4 If M is a compact manifold with boundary and K a Fréchet-Lie
group modelled on the Fréchet space F, then C*°(M, K) is a Fréchet-Lie group i.e.
C>°(M, F) is a Fréchet space.

Proof: These are Proposition [3.3.3] and Lemma [3.2.2
[l

Remark 3.3.5 The topology on C*°(M, K) can alternatively be described as the
topology making the natural map

C®(M,K) — [[C(T"M, T*K), v Ty

k=1

a topological embedding. This can directly be seen from the construction of the
topology via the push forward of the charts ¢ : U — U.

We now turn to the problem of topologising the gauge group Gau(P). Since we al-
ready know that for trivial bundles P the group Gau(P) is isomorphic to C*°(M, K)
(cf. Lemma(2.4.4]), we see that restricted to a trivialising neighbourhood U, Gau(P)
looks like C*°(U, K). But globally the locally trivial pieces of Gau(P) might not
fit together in a trivial way. For this aim we have to restrict to a special class of
Lie groups as structure groups, so called locally exponential Lie groups as well as
to compact base spaces M.

Definition. Logarithmic derivative: If M is a manifold, K a Lie group and
f € C*(M, K), then we denote by §'(f) the £-valued 1-form on M

§(f) s V(M) — C™(M, ), (8'(f).X)(x) = dAj)-1 (f(z)).df (z).X (2),

called the left logarithmic derivative of f. It is also denoted by the shorthand
notation 6'(f) := f~l.df and we define the right logarithmic derivative 8" (f) :=

oNfh) = fdf .
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Lemma 3.3.6 For smooth functions v, : M — K, we have

0" (7172) = 6" (71) + Ad(y1) 00" (72)

and
8'(my2) = 6'(12) + Ad(72) 0 8 ().
If 6'(y1) = 6'(7y2) and M is connected, then there exists k € K such that v, = \,07s.

Proof: The first two identities follow directly from the definition of the logarithmic
derivatives and

dm(k’l, kg)(Xl, XQ) == dm(kl, kQ)(Xl, 0) + dm(k:l, kg)(O, XQ) =
dpk2 (k1>X1 + d)\kl (kQ)XQ

Hence we get for §'(y;) = §'(72)

8(mye") =0 ") + Ad(h; 1) () = 0'(15 1) + Ad(7, )8 (72) = 6' (1272 ) = 0.

Thus d(717; ') = 0, such that 4,7, * is locally constant.
0

Definition. Locally Exponential Lie group: For a Lie group K denote for
X € ¢ by yx the constant function ¢ +— X in C*([0, 1],¢). Then K is called locally
exponential if for each X € € the initial value problem

has a solution vx € C*°(I, K) and the exponential function
expy i € — K, v yx(1)

is smooth and restricts to a local diffemorphism. Note that the preceding lemma
implies that for each Lie group there exists at most one exponential function.

Lemma 3.3.7 If K and K’ are reqular Lie groups, then for each Lie group homo-
morphism « : K — K’ and the induced Lie algebra homomorphism daf(e) : ¢ — ¢
the diagram

U —- K’

Tepr Teprz

¢ da(e) ¢

commutes.
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Proof: For X € £ consider the curve
7:[0,1] = K, t— expg(tX).
Then 7 := o 7 is a curve such that ¥(0) = e and (1) = o(expy (X)) with
V' (t) = do(expg(tX)).dexpg (tX).X .

For its left logarithmic derivate we compute

8 () (t) = dAyuy-1 (7(1)) A (t) = dAy@y—1 (1(2)) .da(expy (tX)).dexpy (tX). X
2 da(e).dNexp . (1x)-1 (exp (X)) .dexp (£X).X = da(e).6'(7)(t) = dafe). X,

where i) holds since oo Ay = Aqx) © @ holds for the homomorphism «. Hence
Y(1) = expy (da(e).X) holds and thus expg. (da(e).X) = a(expy (X)) for all
X et

O

Corollary 3.3.8 If K is a locally exponential Lie group, then for each k € K
there exists an open unit neighbourhood U, C K diffeomorphic to an open zero
neighbourhood Uy, := expy' (Uy) C € an an open neighbourhood Vi, of k such that

¢k © expylu, = expy o Ad(k)|u,

holds for all k € K.

Proof: This follows directly from the continuity of the adjoint action and the
preceeding lemma.
O

Lemma 3.3.9 If K is a Banach-Lie group, then K is locally exponential.

Proof: First we note that the existence of solutions to ordinary differential equa-
tions on open domains of Banach spaces and their smooth dependence on initial
values implies that every Banach-Lie group is regular. It follows directly from the
definition of expj that exp (tX) = vx(t) for v € C®°(R, K) such that §'(y) = X.
Hence dexpy(e) = ide and the Inverse Function Theorem yields that exp restricts
to a diffeomorphism on some open zero neighbourhood of &.

O

Lemma 3.3.10 If P = (K, M, P,7) is a K-bundle with compact base space M,
then there exists a finite open cover (Vi)ier,, In = {1,...,n}, such that each V; is a
manifold with boundary contained in some trivialising neighbourhood and contained
in the domain of some chart.
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Proof: For each z € M we consider a trivialising neighbourhood U, C M for
which there exists a chart ¢, with domain U,, i.e. ¢, : U, — ¢,(U,) € R™. Note
that the compactness of M implies that M is finite-dimensional. Then there exists
a closed ball W; C R” of radius small enough such that W,; C vz (U,) and set
V, = o Y (W,). Clearly V, = (W) is a manifold with boundary and (V,.),ear is
an open cover of M. Hence there exists a finite subcover Vi, ..., V,, with the desired
properties.

O

The cover Vi, ..., V,, respectively the closed cover V,...,V,, is the key for the
topologisation of the gauge group.

Proposition 3.3.11 If P = (K, M, P, ) is a K-bundle with compact base space
M and locally exponential structure group K, then

G(P) == {(%),-e,n e [[C* (Vi K) : 7i() = kij @)y, (x) ki) for all @ € Vi V]}

=1

is a Lie group, where (V;)cr, s a finite open cover of M consisting of trivialising
netghbourhoods, such that the V;’s are manifolds with boundary. It is modelled on
the locally convex space

g(P) == {(@-)ign e P C(Vet) : &ie) = Ad k() & () for all a € V, mvj}

endowed with the subspace-topology from @;_, C*(V;, ).

Corollary 3.3.12 [fP = (K, M, P,7) is a K-bundle with compact base space and
locally exponential structure group K, then Gau(P) and C™(P, K)X are Lie groups
isomorphic to G(P). In addition C®(P, )X is isomorphic to g(P).

Proof: For each v € C*(P, K )& we consider the tuple of functions (7;)ier, defined

by v : Vi = K, z — 7(0;'(z,¢)), where ©; : 77 1(V;) — V; x K is a local
trivialisation. Due to the definition of the transition functions ©;"'(z, ki;(z)) =
©;'(z,e) we have

Yi(x) =7 (0, (x, ) =% (0 (2, e)kji(x)) = kj;' (2)v(0; (2, €)) kji()
= kij(x)v;(x)kji(x).

Clearly the map C*°(P, K)X — G(P), v — (Vi)iez, is a homomorphism. On the
other hand each tuple (1;);cr, € G(P) defines via

n(p) = (07 (z,e)ki(p)) = ki(p)ni(x)k; *(p) for (p) € V7,
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where k; : 771(V;) — K, p — pry(6i(p)), a map in C*°(P, K)* . This mapping is
inverse to the constructed map from C*(P, K)¥ to G(P) and thus these groups
are isomorphic as groups.
Now we endow Gau(P) = C>(P, K)X and C*(P, K)¥ with the topology induced
from G(P) and obtain a Lie group structure on them. The same construction leads
to the isomorphism C>(P, &)X = L(G(P)).

U

Corollary 3.3.13 If P, is a K-bundle over S' determined by k € K (cf. Propo-
sition , then Gau(P) is isomorphic tohe twisted loop group

CPR,K) :={ye C°R,K) : y(x) = k"y(z + n)k™"}.

Definition. Gauge Algebra: The Lie algebra gau(P) := g(P) is said to be the
gauge algebra of the K-bundle P = (K, M, P,r) with compact base space M and
locally exponential structure group K.

Remark 3.3.14 In the following text we will always identify the gauge group
Gau(P) with C®(P, K)X or G(P). The viewpoint identifying Gau(P) with
C>(P, K)¥ is more useful when performing calculations in the global picture, where
P is given as the quadruple (K, M, P, ). For calculations in local coordinates, i.e.
when P is given by transition functions (K, M, (U;)er, kij) and for topological con-
siderations, the viewpoint Gau(P) = G(P) is more convenient. We will always
point this out by stating either Gau(P) = C*(P, K)¥ or Gau(P) = G(P).

The same distinction we make on the level of the gauge algebra, where the two
viewpoints are gau(P) = C>(P,£)" and gau(P) = g(P).

3.4 An Approximation Theorem

Since the natural constructions in many proofs yield only continuous maps, but we
are always interested in smooth ones, we will often need approximation arguments.
This section will provide the relevant changes to the statements given in [Nee(2,
Section A.3] and is closely related the second chapter in [Hir76].

Definition. Continuous Automorphism and Gauge Transformation: If
P = (K,M, P,m)is a K-bundle then a continuous automorphism is an equivariant
homeomorphism f : P — P and the group of continuous automorphisms is denoted
by Aut....(P). A continuous gauge transformation is a continuous automorphism
f: P — P satisfying m o f = 7w and the group of continuous gauge transformations
is denoted by

Gaug(P) :={f € Autn(P) :mo f =7 for all p e P}.
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Remark 3.4.1 The same consideration as in the precesding section lead to

Gatln(P) = {()ier, € [ [ C (Vs K)17i(w) = kij(2)7; () kji () for all = € VinV;}.

=1

Each C(V;, K) is a topological group with respect to the compact-open topology.
Since the evaluation maps are continuous we conclude that Gau,,(P) is a closed
subgroup of the topological group [[i—, C'(V;, K)

In the following C'(X,Y). denotes the set of continuous functions from X to Y
equipped with the compact open topology.

Lemma 3.4.2 If M is a finite-dimensional o-compact manifold with boundary,
then for each locally convex space F' the space C*°(M, F) is dense in C(M, F).. If
f € C(M,F) has compact support and U is an open neighbourhood of supp(f), then
each neighbourhood of f in C(M, F) contains a smooth function whose support is
contained in U.

Proof: The proof of [Nee02, Theorem A.3.1] can be taken over in exactly the same
way.
O

Corollary 3.4.3 If M 1is a finite-dimensional o-compact manifold with boundary

and V' is an open subset of the locally convex space F, then C°(M,V') is dense in
C(M,V)e,.

Lemma 3.4.4 Let M be a o-compact manifold with boundary, F' be a locally convex
space, W C F be open and f : M — W be continuous. If L C M 1is closed and
U C M is open such that f is smooth on a neighbourhood of L\U, then each
neighbourhood of f in C(M, F). contains a continuous map h which is smooth on
a neighbourhood of L and which equals f on M\U.

Proof: (cf. [Hir76, Theorem 2.5]) We may w.l.o.g. assume that W is convex. Let
A C M be an open set containing L\U such that f‘A is smooth. Then L\A C U is
closed in M such that there exists V' C U open with

INACVCVCU.

Then {U, M\V'} is an open cover of M, and there exists a smooth partition of unity
{f1, f2} subordinated to this cover. Then

Gf : C(M7 W)c - O(M7 F)cu G(V)(I) = fl(I)V('x> + fQ(ZL‘)f(ZL‘)
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is continuous since v — fi7y is continuous (for fi(z) € [0,1] for all x € U and
the compact open topology on C(U, F') coincides with the topology of uniform
convergence on compact subsets) and fiy — f1y+ fof is continuous since addition
in C(M, F). is so.
Then Gy() is smooth on AUV D AU(L\A) D L if 7 is so since f; is smooth, f is
smooth on A and f2‘v = (0. Furthermore we have Gy(y) =y on V and G(vy) = f
on M\U. Since G(f) = f there is for each open neighbourhood O of f an open
neighbourhood O’ of f such that G;(0O’) C O. By the preceding lemma there is a
smooth function h € O’ such that G¢(h) has the desired properties.

0

Corollary 3.4.5 Let K be a Lie group and M be a manifold with boundary. If
W C K is diffeomorphic to an open subset of ¢, L € M is closed, U C M 1is open
and f € C(M,W) is smooth on a neighbourhood of L\U, then each neighbourhood
of [ in C(M, W)CAO, contains a map g which is smooth on a neighbourhood of L and
which equals f on M\U.

Proposition 3.4.6 Let K be a Lie group and M be a o-compact manifold with
boundary. If L C M is closed, V- C M 1is open and f € C(M, K) is smooth on a
neighbourhood of L\V', then each open neighbourhood O of f in C(M, K). contains
a g € C(M, K) which is smooth on a neighbourhood of L and equals f on M\V'.

Proposition 3.4.7 If M is compact and K 1is locally exponential, then the group
Gau,..(P) of continuous gauge transformation is dense in Gau(P).

Lemma 3.4.8 If (Vi)ier, € Gau(P) is a smooth gauge transformation which is
close to identity, in the sense that v;(V;) C U for an open unit neighbourhood U C
K diffeomorphic to an open convez zero neighbourhood, then (;)er, is homotopic

to e.

Proof: We may assume that U C K is the open unit neighbourhood from Corollary
and that ¢ := expy' : U — U be the inverse diffeomorphism of the exponential

function on U. Since v;(V;) C U, U is convex and Ad(k;;)(z) is linear
Ep:[0,1] = C%(Vi,0(U)), Fi(t)(x) =to(n(z))
defines a homotopy in gau(P) and hence
F:[0,1] — C*(V,,U), E(t)(z) = expy (Fi(t)(2))

defines a homotopy in Gau(P) from e to (V;)ier, -
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Corollary 3.4.9 If P = (K, M, P,m) is a K-bundle with compact base space then
Gau(P) N Gau.(P)o = Gau(P)o.

Proof: With the preceding lemma the argument from [Nee(2, Lemma A.3.6]
carries over in exactly the same way.

O

Lemma 3.4.10 If K is a topological group and (X,xzo) an arcwise connected
pointed topological space, then

7o (C(X, K)) = mo(C(X, Ko))

holds, where C.(X, K) denotes the space of base point preserving continuous maps
from X to K.

Proof: We have that C(X, Ky) = C.(X, Ky) %, Ky for
a: Koy — Aut(Cu(X, Ko)), a(k)(f) =kfk™",
where we identify k£ with the constant function x — k. Thus
m0(C(X, Ko)) =2 7(Cu(X, Ko) % Ko) = 70(Cu(X, Ko))

and since X is assumed to be arcwise connected we have C, (X, K) = C.(X, Kj).

U
Corollary 3.4.11 For a topological group K we have the isomorphism
Th(K) = m(C.(S*, K)) = mo (C(S*, Kop)).
Theorem 3.4.12 For a K-bundle P = (M, K, P, ) the natural inclusion
incl : Gau(P) — Gatn(P)
is @ weak homotopy equivalence, i.e. the induced mappings
i (incl) : 7,(Gau(P)) — mi (Gat e (P))

are isomorphisms of groups.
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Proof: To verify surjectivity, consider the local description by trivialising neigh-
bourhoods (U;);e; and transition functions k;; : U;NU; — K of P and the manifold
SF x M. Note that if M is a manifold with boundary, so is S¥ x M since 9(S¥) = 2.
Then (S* x U;);er is an open cover of S¥ x M and

ki (SExU)N (S xUy) =SF x (U;NU;) = K, (t, ) — kij(z)

are the transition functions of a K-bundle over S*¥ x M corresponding to the pull
back pri(P) for the projection pr, : S¥ x M — M. With the local description of
this bundle we derive

Gatlo (pr5(P)) = {(Vi)ier € HC(S’“ x Vi) — K :

i=1

Yi(t,z) = kij(z)y;(t, 2)kji(z) for all t € SF x eV, NV}
Since C(S* x V4, K) = C’(Sk, C(V,, K)) [GI503, Chapter 23] this yields

Gatt (p13(P)) = C(*, Gaton (P)).
Hence we get with Corollary for k> 1

7 (Gau(P)) =7, <C’* (¥, Gau(P))) >~ 1, (C (s*, Gau(P)o)) -
o (C (Sk’ Gaucont<7))0)> — T (C'* (Sk, Gaucom('P))> = Ty (G,auCont (prz (’P))) 7

where ¢ is induced by the inclusion Gau(P) — Gau,,(P). Now Corollary
yields
Gau(pry(P)) N Gan,, (pr5(P)), = Gau(prs(P))

such that if (v;)icr, € Gaugy, (prg(P)) , 18 a continuous gauge transformation,
then Proposition implies that each neighbourhood of (v;);c;, contains a

smooth gauge transformation.herefore the identity component of Gau,,,, (pr;(P)) ~
C (Sk, Gaucom(P)) and hence the identity component of C (Sk, Gaucom(P)g) contains

an element of C'(S*, Gau(P),) (Lemma [3.4.10). Thus

L WO(C(Sk, Gau(P)0)> o (C(Sk, Gaum(P)o))

0

is surjective, which implies that
T (incl) : mp (Gau(P)) — m (Gat,ou (P))

is surjective. That g (incl) is also injective follows with Lemma as in [Nee(2|
Theorem A.3.7].
0
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Chapter 4

Central Extensions of Lie Groups

4.1 Central Extensions and Cocycles

This whole chapter is a rough summary of some results in [Nee(2], although some
details may differ a bit, as far as they are necessary for the understanding of the
following text.

Definition. Exact Sequence, Central Extension of groups: If A, B and C
are groups, then a short exact sequence is a sequence of homomorphisms

A B2 o

such that « is injective, [ is surjective and im(«) = ker(3). A central extension of
the group G by the abelian group Z is a short exact sequence

7z 6q5a
of groups, such that im(«) is a central subgroup of G.

Remark 4.1.1 One usually identifies Z with im(a) as a central subgroup of G.
Then canonical factorisation yields G/Z = G, such that one can think of G as a
group built up of the two parts Z and . That is the reason why one often writes

7 < G5 G to indicate that Z is a subgroup of G and that G is a quotient of G.

Lemma 4.1.2 [f 7 — G —q>i G 1s a central extension of groups, then there exists
a homomorphism o : G — G such that q o o = idg if and only if there exists an
1somorphism o : Z X G — G making the diagram

7 — - 7ZxG 22, @

sz Ja Jmc (4.1)

77— G —“1.q



4.1. Central Extensions and Cocycles 46

commutative.
Proof: If o : Z x G — G is such an isomorphism then
0:a|{e}xG H{e} xG@— G

defines a homomorphism. That goo = id¢ is the same as saying that q is surjective,
o is injective and that o(G) Ng™* ({g}) contains exactly one element for all g € G.
This clearly is satisfied since ¢=*({g}) = Zg' for an arbitrary ¢’ such that ¢(¢') = g.

If conversely o : G — G is an homomorphism such that g o 0 = idg, then
o ZxG—G, (2,9)— z-0(g)

is a homomorphism since Z is central in G. Furthermore it is injective since o is so
and o(G) N Z = {e} and it is surjective since G/Z = G = Zo(G)/Z.
[l

Definition. Trivial Central Extension, Split: If 7 — G 5 G is a central
extension of G by Z, then this extension is said to be trivial if there exists a
homomorphism o : G — G such that qo o = idg. This homomorphism o is called
a splitting of the central extension.

The question arising is how to handle central extensions and how to characterise
them. This is done by identifying them with a certain class of maps parametrising
all central extensions of a given group G by an abelian group Z

Definition. Cocycle, Coboundary: Given a group G and an abelian group 7,
amap f:G x G — Z is called a cocycle if

flze) = fle;x) = e [z, y)f(xy, 2) = f(2,y2) [y, 2)

holds for all z,y, z € G. It is called a coboundary if it is a cocycle and there exists
amap h: G — Z satistying h(e) = e such that

f(x,y) = h(zy)h(z) " h(y) "
holds for all x,y € G. Furthermore we define
72(G,Z) ={f:GxG— Z: fis a cocycle}
which is an abelian group with respect to pointwise multiplication and its subgroup
B*G,Z):={f:GxG — Z: fis a coboundary}.
Then the quotient Z*(G, Z)/B*(G, Z) := H*(G, Z) is denoted by Ext(G, Z).
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Lemma 4.1.3 If f : G x G — Z is a cocycle, then

(2,9)(z".d') = (22'f(9,9'), 99")
defines a group multiplication on Z x G with identity element (e, e).

Proof: It is an easy calculation to verify that the property of f being a cocycle
actually is equivalent to this map being a group multiplication.
O

Remark 4.1.4 The group Z x GG with the multiplication defined above is denoted
by Z x s G. Two extensions Z x y G and Z X p G are isomorphic (i.e. there exists an
isomorphism o making the diagram commutative) if and only if the difference
(9,9") — f(g9,9)f(g,¢")"" is a coboundary [Mac63, Theorem IV.4.1] and hence
Ext(G, Z) parametrises the equivalence classes of central extensions of G by Z.
The neutral element in Z x; G is (e, €), inversion given by

(z.9) = ("flg,97) g

and conjugation with (z, g) by

Cag) (W, h) = (wf(ga g O f(h,g)f(g7 !, hg), g_lhg).

In the context of Lie groups we want the extensions to admit smooth local sections
in the sense defined below. As we will see on later this implies the existence of
continuous linear sections for the corresponding central extensions of Lie algebras.
Since we will need integration methods later on we have to restrict our considera-
tions to sequentially complete locally convex (s.c.l.c.) spaces and since all known
abelian Lie groups Z modelled on a s.c.l.c. space 3 are of the form 3/T" for a discrete
subgroup I" 2 7m1(Z) we will restrict in the following to this kind of abelian groups.
Note that if Z is finite-dimensional, then covering theory yields that it is always of
the form 3/m(Z2).

Definition. Central Extension of Lie Groups: If G, G are Lie groups and

[a¥)

Z = 3/T" is an abelian Lie group for a s.c.l.c. space 3 and a discrete subgroup

I' 2 m(Z) C 3, then a central extension Z — G %G of groups, where the
homomorphisms are assumed to be smooth, is called a central extension of Lie
groups if the there exists an open unit neighbourhood U C G and a smooth map
o : U — G such that qo o = idy. This map o is called local section.

Remark 4.1.5 The requirement of the existence of a smooth local section implies

in particular that the central extension Z — G 2 G has the structure of a Z-bundle
with base space G.
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Proposition 4.1.6 If G is a connected Lie group, Z is an abelian Lie group and

Z < G 5 G is a central extension of groups, then G carries the structure of a Lie
group if and only if the central extension can be described by a cocycle f : GXG — Z
which is smooth on an open unit neighbourhood in G X G.

Proof: [Nee(2, Proposition 4.2]
O

Since in this text we are always studying Lie algebras coming from Lie groups, we
will always assume the Lie algebras to be locally convex topological Lie algebras.
Then the concept of a central extension is the following.

Definition. Central Extension of Topological Lie Algebras: An exact
q

sequence of topological Lie algebras 3 — g — g, where ¢ is assumed to be a
continuous Lie algebra homomorphism, is called a central extension of Lie algebras
if 3 is a central subalgebra of g and there exists a continuous linear map o : g — g
such that g o 0 = idg. Then o is called a continuous linear section.

Remark 4.1.7 Since we want the topological vector space, underlying g to be
isomorphic to the product 3 @ |g|, where |g| denotes the vector space underlying g,
we need that 3 is complemented in |g|. This means that there has to be a continuous
projection onto |g| and in our context this projection is given by c oq: g — g.

Central extensions of the topological Lie algebra g by the vector space 3 are para-
metrised as follows.

Definition. Lie Algebra Cocycle, Lie Algebra Coboundary: Given a topo-
logical Lie algebra g and a locally convex space 3 a map w : g X g — 3 is called a
cocycle if

w(z, [y, 2]) +w(y, [z 2]) +w(z [z,9]) =0
holds for all x,y, 2z € g. It is called a coboundary if it is a cocycle and there exists
a continuous linear map « : g — 3 such that

w(@,y) = o[z, y])
holds for all x,y € g. Furthermore we define
Z*g,3) = {f:9xg—3:[isacocycle},
which is a vector space with respect to pointwise operations and its subspace
B*(g,3) :={f:9xg—3:fis acoboundary}.

Then the quotient Z%(g,3)/B?*(g,3) := H?(g,3) is called the second Lie algebra
cohomology space.
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Lemma 4.1.8 [fw:g Xx g — 3 is a continuous cocycle then

[(z,x), (z’,aj')} = (w(a:,x’), [:z:,:z’])

defines a continuous Lie bracket on g := 3 & g, turning it into a topological Lie
algebra.
Proof: It is clear that [-,-] : g X § — g is continuous, since w and the bracket on g

are continuous. It is an easy calculation that this map defines a Lie bracket if and
only if w is a continuous cocycle.
OJ

Remark 4.1.9 The Lie algebra g with the bracket as above is denoted by
3 P, g. Two Lie algebra extensions 3 @, g and 3 @, g are equivalent if and only if
the difference (z,2') — w(x,2') — W'(z,2") is a continuous coboundary and hence
H?(g,3) parametrises the equivalence classes of central extensions of 3 by g.

If the extension 3 — g 4 g with the linear section o : g — g is given, then
we(x,y) = [U(x),a(y)] — J([x,y]) is a 3-valued cocycle and 3 &, g — g, (z,2) —
z 4 o(z) is an isomorphism of topological Lie algebras.

Proposition 4.1.10 Assume that 3 is a locally convex space, I' C 3 is a discrete

subgroup and 3/I" = 7 — G % G a central extension of Lie groups ,where G is
connected. If f : G x G — Z 1is the cocycle describing the central extension of
groups and f = qz o f; for the quotient map qz : 3 — 3/I" where f; is smooth in a
unit neighbourhood, then

Df(l',’y) = d2f3(6,6)(£€,y) - d2f5(€, 6)(y,£€)

defines a continuous Lie algebra cocycle such that g = L(G) 18 1somorphic to
3Dpr 9.

Proof: [Nee02, Lemma 4.6]

4.2 Integrability Criteria

The question arising now is if for a given central extension of Lie algebras

3 — @ 4 g there exists a central extension Z — G % G of Lie groups such
that the the cocycle f : G x G — Z, describing the central group extension, de-
scribes the Lie algebra extension by means of Df = w for a continuous cocycle w
with g = 3 @, g. This question will be answered in this section.
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Definition. Period Map, Period Group: If GG is a connected Lie group and
Q€ O2(G,3) is a closed 3-valued 2-form for the s.c.l.c. space 3, then the period map
perq : m(G) — 3 is given by

peral(7) = [ 9

for a smooth representative ¢ in [o]. The image im(perg,) is called the period group
. If Q is left invariant with {2(e) = w, then we set per , := per, and I, := im(perg,).

Remark 4.2.1 See [Nee02, Section A.3] for the existence of smooth representa-
tives in each class [o] € mo(G) . Actually for the integral to be defined one requires
the map S? — G only to be piecewise smooth for a triangulation of the compact
manifold S?. This is important for the calculations in the proofs of the following
statements, but we will not go into the details here.

Lemma 4.2.2 The period map is well-defined, i.e. fUQ does only depend on the
homotopy class of o. Furthermore perq s a group homomorphism and Il is a
subgroup of 3.

Proof: This statement is contained in [Nee02, Lemma 5.7].
U

Theorem 4.2.3 If G is a connected and simply connected Lie group with Lie al-
gebra g, 3 a s.c.l.c. space and w € Z*(g,3) a 2-cocycle, then there exists a central

extension of Lie groups Z — G % G such that Z = 3/T for a discrete subgroup
I' C3 and that § = 3 P, g if and only if the period group 11, is a discrete subgroup
of 3.

Proof: [Nec02, Theorem 7.9]
U

If G is not simply connected, then there is an additional obstruction on w € Z*(g, 3).
In the construction procedure one wants to apply the preceding theorem to the
universal covering group G of G and then 'factor out m(G)’ as a subgroup of G.
That this works properly depends on the so called integration map.

Definition. Integration Map: Consider w € Z2(g,3) and let Q € Q*(G,3) be
the corresponding left invariant 2-form. For X € g and the corresponding right
invariant vector field X, the form i(X,).C2 is a closed 3-valued 1-form, which can be
integrated over 7 € C°(S',G), ie. [ i(X,).Q. The map

(3, X) / i(X,).0
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can be considered for fixed v € C°(S!, @) as a linear map from g to 3. Since this
map does only depend on the homotopy class of «, it can be considered as a map
Py(w) : m(G) — Lin(g, 3). This map is called integration map .

Lemma 4.2.4 The cohomology class of i(X,).Q2 does only depend on the cohomol-
ogy class of w in H*(g,3), i-e. if Q = da for a left invariant 1-form o, then i(X,).da
is exact. For vy € C.(S',G) the linear map

g—3 xH/i(XT).Q
Y

15 continuous.

Proof: The first assertion is [Nee02, Lemma 3.11]. The continuity follows from

/i(XT).Q:/O w(Ad(y(t) ™).z, (t))dt

since the integrand is a continuous map [0, 1] x g — 3 (cf. [NeeO2, Definition 7.1]).
U

Remark 4.2.5 Since the integration map P, only depends on the class of w in
H?(g,3) we will denote by P, also the factorisation through H?(g,3).

The interesting property arising from the integration map is that it permits us to
integrate the adjoint action adg : g x § — @, (¢, (2,2)) — (z,[2/,z]) to an action
of G on g, i.e. there exist a map Ad; making the diagram

¢ 2N Aut(g)

l |

g 0, der(g)

commutative. That is why this map is called integration map.

Proposition 4.2.6 If G is a connected Lie group, 3 a s.c.l.c. space and w €
Z%(g,3), then the adjoint action adg of g on g = 3 &, g integrates to a smooth
action Adg of G on § if and only if P,([w]) € Hom(m(G), Lin(g, 3)) vanishes.

Proof: |[Nec02, Proposition 7.6]
O

Now we have the full information concerning the integrability of the central exten-
sion.
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Theorem 4.2.7 If G is a connected Lie group with Lie algebra g, 3 a s.c.l.c. space

and w € Z*(g,3), then there exists a central extension of Lie groups Z — G5 a
such that Z = 3/T for a discrete subgroup and that § = 3@, g if and only if 11, C 3
is discrete and P;([w]) € Hom(m(G), Lin(g,3)) vanishes.

Proof: |[Nee02, Lemma 7.11]
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Chapter 5

Central Extensions of Gau(P)

5.1 Results for the Current Group C*(M, K)

In this section we present some results of [NMO3|] for current groups C'*(M, K)
for compact smooth manifolds M and Lie groups K. These are the results we
want to generalise to gauge groups Gau(P) for K-bundles P = (K, M, P, ) with
connection, compact base space M and locally exponential structure groups.
Assume that Y is a s.c.l.c. space and that M is a finite-dimensional manifold.
For an open subset U C R™ we can identify a Y-valued 1-forms with an n-tuple
(fi,--., fn) € C°(U,Y)™, representing the 1-form Y ;" | f;dz* on U. Hence we have
QNU,Y) 2 C=(U,Y)" as vector spaces and we endow Q'(U,Y") with the topology
making this isomorphism an isomorphism of topological vector spaces. For each
chart ¢ : U C M — ¢(U) C R"™ we consider the pull back

(™) QU(MY) — Q' (p(U),Y)

and we endow Q'(M,Y") with the initial topology with respect to the pull backs
coming from all charts of M.

Since Y is locally convex all Q'(U,Y") are so, such that Q'(M,Y") is locally convex,
and since Y is sequentially complete all Q'(U,Y") are so, such that Q'(M,Y) is a
s.cl.c. space. The subspace dC*®(M,Y") is closed because it coincides with the
annihilator of the continuous linear maps

Ao : QX (M)Y) =Y, w»—>/w

for « € C*(S', M) (note that the sequentially completeness is essential for the
existence of the integral). Hence

su(Y) = QYM,Y)/dC>(M,Y)

is also a s.c.l.c. space.
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Lemma 5.1.1 If3 and )\, are chosen as above, then the maps
dois =Y. e [

where o runs through C*(S', M), separate the points of 3. If M = S! and o = idg1,
then As1 := A\, : 3 — Y is an isomorphism.

Proof: Assume that A\ ([w]) = M([]) for w,0’ € QYM,Y) and all
a € C®°(S',M). Then A\, ([w]) = Aa([w']) also holds for all « € C(S', M), since
C>™(S', M) is dense in C(S', M). Since A\o([w]) = Aa([w]) & [ w—w =0, the
function

f:M—-Y xr—>/w—w’,
v

where v € C*([0,1], M) is a path from z to x, is well-defined. The Fundamental
Theorem of Calculus now yields df = w — w’ hence w —w = 0 mod dC>*(M,Y).
Since the kernel of \g: is exactly dC*(S'), the map is injective. For y € Y consider
the 1-form w(9,) = y with As1(w) = [, w = y. Hence Ag: is surjective.

[

Remark 5.1.2 A 1-form g € QY(M,Y) is closed if and only if for all pairs of
homotopic paths aq, as the integrals of § over oy and as coincide. Therefore the
subspace Hig(M,Y) C 32,(Y) is the annihilator of the functionals A, — Ag, for
[a1] = [ag] € 71 (M) such that it is in particular closed. Hence [3] € Hiz(M,Y) is
equivalent to the independence of /\a([ﬁ]) from the homotopy class of «. Denote
by k the rank of the finitely generated free abelian group

Hy(M)/tor(Hy(M))

and consider a basis given by the smooth representatives [ay], ... [ag]. Then there
exist smooth maps f; : M — S' such that deg([f; o oy]) = &;;. If 6'(f;) : M —
T.S! =~ R denotes the left logarithmic derivative of f;, then

ﬁ>j€fk

is an isomorphism of topological vector spaces with continuous inverse given by

O Hur(M,Y) = Y*, [8] — (/

Aj

k
@_1 . Yk — Hc11R<M7 Y), (yh Ce ;yk) — [Z(Sl(fz : yz)}

i=1

The details and references are contained in [NM03, Remark 1.3].
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Lemma 5.1.3 [fk: & x €t — Y is a symmetric invariant bilinear map, then
WMk - COO(Mv E) X COO(M7 E) - 3M(Y)a (5777) = [X = H(ﬁvan)L

where k(§,dn.X) denotes the smooth function x — k(&(z), (dn.X)(xz)) defines a
3m (Y)-valued cocycle.

Proof: The cocycle condition is
([, v, d6.X) + k([v, €], dn.X) + &([£, 7], dv.X) = 0 mod dC™(M,Y)
for all £&,n,v € C®(M, ). Since k and [-, -] are bilinear we have

d/i([{,n],u).X = n(d[ﬁ,n].X, 1/) + Ii([f,n],du.X) =
k([dE.X n),v) + k(€ dn.X],v) + ([, 7], dv.X)

and due to the invariance and symmetry

dﬁ([faﬁ]a”) = '%([777 I/],de) + H([%ngnX) + H([S,?ﬂ,dl/X)

O

Theorem 5.1.4 (Reduction Theorem) The period group Il,,,, = im(per, )
is contained in the subspace Hig(M,Y) C 30,(Y). Identifying it with Y* as in the
preceding remark, we have

=~ 1%

WM,k Wsl

IT

and in particular 11, is discrete if and only if this is the case for M = St.

Proof: [NMO03| Theorem 1.6]
O

Definition. Universal Invariant Symmetric Bilinear Form: If K is a finite-
dimensional Lie group with Lie algebra £ then we denote by V(£) the quotient
S(¢)/€.S5(¢), where S(t) is the universal symmetric product where ¢ acts via z.(y Vv
z) — [z,y] Vz+yV[r,z]. Then k : € x & (z,y) — [z V y] is the universal
mwvariant symmetric bilinear form on €. It has the universal property that each
invariant symmetric bilinear form f : € x £ — Y factors through a unique linear
map f : V(£) — Y satisfying f = f o &.

Theorem 5.1.5 If K is a finite-dimensional Lie group and k : € x & — V (£) is the
universal invariant symmetric bilinear form on €, then the 3s (V({%)) -valued cocycle
wst ,, has discrete image.

Proof: [NMO03| Theorem II.9]
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5.2 Twisted Loop Groups

As we have seen in the previous section, bundles over S! are supposed to become
important in the analysis of central extensions of Gau(P). Hence we will study their
gauge groups, twisted loop groups, here and especially their homotopical properties.
Since the argumentation is easier when dealing with continuous maps we will first
stick to continuous twisted loop groups.

Definition. Path Group, Loop Group: If K is a topological group then the
group
PK := {7 € C([0,1],K) : 7(0) = ¢}

is called the (continuous) path group of K and the subgroup
QK :={r € PK :7(0) =7(1)}
is called the (continuous) loop group of K.

Remark 5.2.1 It is immediate from the definition that QK actually is a normal
subgroup of PK. Endowed with the compact open topology C'(R, K) is a topologi-
cal group, PK and QK are closed normal subgroups and the first homotopy group
1 (K) = mo(QK) is isomorphic to PK/QK.

Definition. Twisted Loop Group: If K is a topological group and k € K,
then
Cu(R.K) = {7 € C(R,K) : 7 +n) = k"y(a)k"}

is called (continuous) twisted loop group of k. If K carries in addition the structure
of a Lie group, then

CRR,K) = {7y € C®R,K) : y(x +n) = k"y(z)k"}
is called (smooth) twisted loop group of k.

Remark 5.2.2 The continuous twisted loop group Ci(R, K) is a topological group
as a closed subgroup of C'(R, K). Note that in general functions in Cy(R, K) do
not factor through continuous functions on S'. If K is a finite-dimensional Lie
group, k € Ky and P = (K,S', P,,7) is the K-bundle determined by k, then
Cy(R, K) = Gau,,,(Px) and Cx(R, K) can be given the structure of a Lie group as
well as Cp°(R, K) = Gau(Py). Then we have for their Lie algebras

L(CW(R, K)) = {§ € C(R,g) : {(x +n) = Ad(k").£(x)}
L(CP(R,K)) ={¢ € C*(R,g) : {(z + n) = Ad(k").£(2)}.
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Proposition 5.2.3 If K is a topological group and k € Ky, then the continuous
tuisted loop group

Cr(R,K) :={y € C(R,K) : y(z +n) = k™ "y(x)k" for all z € R}
1s isomorphic as a topological group to a semi direct product QK x; K.

Proof: Consider a curve 7 : [0,1] — K such that 7(0) = e, 7(1) = k and define
7:(z) := 7(x — n)k™ where n is the unique integer such that x —n € [0,1). This
defines a continuous curve 75, : R — K such that 7 (z +n) = 7(x)k" for all z € R.
The map oy : K — C(R, K), o, (K')(z) = 7, ' (z) ¥ 7.(x) defines a homomorphism
of topological groups since it can be considered as conjugation of the constant map
k€ C(R,K) with 7, € C(R, K). In addition, we have evy o 0 = idg such that the
exact sequence

ker(evy) — Ci(R, K) DK

splits. Hence Ck(R, K) is isomorphic to the semi direct product QK x K since evy
is continuous and ker(evg) = QK.
O

Remark 5.2.4 The isomorphism is given by
a: QK x, K — Cy(R,K), (7,K)—v-or(k),

where 0, : K — Ci(R, K) is the homomorphism from the previous proof. The
splitting homomorphism o, : K — Cy(R, K) provides the homomorphism

O K — Aut(QK), 0(h)(v) = ox(h)~" yox(h)
describing the semi-direct product by the multiplication on QK x K
(3, ), (7, 1) v (8B (), ).
Corollary 5.2.5 If K is a topological group and k € Ky, then
Tn (Ci(R, K)) = mp(QK 3 K) 2 7, (QK) x 7, (K).

If K is a finite-dimensional Lie group and 7 is smooth, the above considerations
also lead to an isomorphism

a:C®(SHK)x K — CPR,K).
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Lemma 5.2.6 If K is a finite-dimensional Lie group then for each k € K there
exists a smooth curve 1, : R — K such that m(x +n) = 7(x)k".

Proof: Choose a smooth curve 7’ : [0,1] — K such that 7/(0) = e and 7/(1) = k1.
Then consider a smooth bijective map A : [0, 1] — [0, 1] such that A(0) = 0, A\(1) =1
and 42X(0) = £2X\(1) =0 for all n € N. Then 770 X : [0,1] — K is smooth and

T:R— K, o7 (Az—n))k",

where n is the unique integer such that x —n € [0,1) is a smooth curve satisfying
T(z+n) =71(x)k".
O

Corollary 5.2.7 If K is a finite-dimensional Lie group and k € K, then the
twisted loop group Ci°(R, K) is isomorphic to the semi-direct product C°(S, K) Xy,
K. Furthermore we have

T (CR(R, K)) = 7, (C(S, K) » K)
o WH(C:O(SI, K)) X T (K) = mpp1 (K) X m, (K).

In particular we have m (CP (R, K)) = m(K) and m(CR(R, K)) = m3(K) since
mo(K) is trivial for finite-dimensional Lie Groups.

Proof: With the preceeding lemma the arguments from the continuous case can
be copied to obtain a split exact sequence of topological groups

ker(evy) — C°(R, K) K.

It remains to check that 0 : K — C°(R, K), k + 7,k7,, ' is smooth. The topology
on C°(R, K) is the one induced from the projections m; : Cp°(R, K) — C*(U;, K)
for Uy = [ —e,% +¢] for i = 0,1 and 0 < ¢ < 3. Clearly o is smooth if it is
so in every component C'*(U;, K), where it is conjugation of constant maps with

Tk‘U_ € C>*(U;, K) and thus smooth.
U

Remark 5.2.8 As in the continuous case, we obtain the isomorphism
o C:O(Svi) X K — CI?O(R’ K)a (77 kl) = ’}/O'k(k?/>

If P, is a finite-dimensional K-bundle over S!, we can use this isomorphism to
construct a cocycle on gau(P) = L(C*(R, K)) induced by the cocycle

on L(C*>(S', K)).
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Proposition 5.2.9 If P, = (K,S', B, ) is a finite-dimensional K -bundle over
S, then the map

(Dn : gau(Pk> X gau(Pk) — 3st (Y)7 (fa 77) = |:/€(£7 dﬁ)] (52)

is a 351 (Y)-valued cocycle and

perwm = pera,ﬁ.

IfY = V() and k : € x € — V(¥) is universal, then and the image of the period
map of m(Gau(P)o) in 351 (V () is discrete.

Proof: Note that k € Ko (cf. Proposition 2.5.2). If X € V(S') is considered as
a periodic vector field on R then we have for n € gau(P;) = L(C°(R, K)) that
dn(z+n).X(x+n) = Ad(k™).dn(z).X (z). Since & is invariant (&, dn.X) is periodic
and thus factors through a smooth function (&, dn.X),, € C=(S!, K). The cocycle
condition is calculated as in Lemma [5.1.3l

We pull back the cocycle w on C*°(S, £) with the diffeomorphism

CR(R,K) “ (S, K) x K = C™(S", K)

to a cocycle on Cp°(R, £) and observe that this cocycle coincides with @ on C2°(S, £).
Since m(K) is trivial for finite-dimensional K this yields per, = per; . The dis-
creetness of im(per;_) follows now from [NMO3, Theorem II.8].

U

5.3 The Covariant Cocycle w,

We will now extend the idea from the preceding section in order to get a better un-
derstanding of the situation for arbitrary K-bundles. Hence we need an alternative
formulation of the cocycle somehow implementing the equivariance princi-
ple such that is becomes extendable to the situation of K-bundles with arbitrary
compact base spaces.

Lemma 5.3.1 IfP = (K, M, P,x) is a K-bundle, X € V(P)X and & € C=(P,¢)K,
then X.€ := d€.X € C(P,e)K.

Proof: We have

£e 0Pyt & Adk).E(p)=E(p- k),
XeV(P) & dp(p).X(p)=X(p-k).
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Since Ad(k) : € — ¢ is linear this yields
(d8.X)(p - k) = dg(p - k).dpr(p)- X (p) = d(& © pr) () X (p) =
A(A(k) 0 €) (p). X (p) = Ad(K).(dE(p).- X (p) = Ad(K).(d&.X) (1),

and hence d€.X € C®(P,¢)X.
U

Definition. Covariant Derivative: If P = (M, K, P,7) is a K-bundle with
connection given by o : V(M) — V(P)X then for each X € V(M) the function

V% : C®(Pe)K — O=(P&)*, ¢ déo(X)=0(X).E
is called the covariant derivative of X.

Lemma 5.3.2 If P = (K,M,Pr) is a K-bundle, &,n € C°(P&)% and
K :txt — Y is an invariant symmetric bilinear map, then the map k(§,n) : P — Y,
P /@(f(p),n(p)) factors through a map k(§,n)a : M — Y.

Proof: Since &, € C®(P,£)% and & is invariant, /1(5, 77) is constant on each fibre
and hence factors through a map from M to Y.
O

Remark 5.3.3 The map (&, )y can be obtained as

KEMm M —=Y, v+ n(f(@gl(x, e)),n(@;l(x,e))>

for a local trivialisation ©, : 7=1(U,) — U, x K of a trivialising neighbourhood U,
of .

From now on we identify the gauge algebra gau(P) with C>(P, €)% (cf. Remark
3.3.14)

Lemma 5.3.4 Let P = (K, M,P,m) be a K-bundle with connection given by
o: V(M) — V(P)X, compact base space M and locally exponential structure group
K. IfY is a s.c.l.c. space and K : € X £ — Y is an invariant symmetric bilinear
map, then the mapping

gau(P) x gau(P) — Q'(M,Y), () = (X > k(€. V%), ).
represents a 31 (Y)-valued cocycle by composing it with the quotient map

q: B (MY) — 5(Y) := QY (M,Y)/dC®(M,Y).
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Proof: First we note that & V%(n) € gau(P) implies that x(&, V%(n)) factors
through a smooth map (&, V% (n))M on M. The cocycle condition is

k(60 VE (W) + £ (0,v], VX)), + £ ([v.€], VE(0)) , = 0 mod dC>(M,Y)

for each vector field X € V(M). Since k(&,n)y is the factorisation of k(&,n) and
dr(o(X)) = X, we know that

dr(&,n) - X = (dr(§,n).0(X)) ;-

With the product rule

dr(&,m) - X = (d/{(f,n).a(X))M = (K(df.a(X),n) + /{(5, dn.a(X)))M
= #(V%(©).n) ,, + £(& VM),

we perform the same calculation as in Lemma to verify the cocycle condition.
O

Definition. Covariant Cocycle: The cocycle constructed in the preceding
lemma is called the covariant cocycle of the K-bundle P with connection ¢ and
invariant form k. It will be denoted by

Gnr ga(P) x gau(P) = 3ar(Y), (6m) = | X = (€. V%), -

Remark 5.3.5 Note that in the case M = S! the covariant cocycle coincides with
(5.2) section since the horizontal lift of a vector field on S' to a horizontal vector
field on Py corresponds to a periodic vector field on R.

Lemma 5.3.6 If P = (K, M, P,n) is a K-bundle with connection, compact base
space M and locally exponential structure group K, then the covariant cocycle &, »
1S continuous.

Proof: Since wy, is the composition of continuous maps which can be seen in local
trivialisations it is continuous.

U

Lemma 5.3.7 If P = (K, M, P,7) is a K-bundle with connection and compact
base space M, then for each pair of connections o,0’ : V(M) — V(P)X the differ-
ence Wy o — Wyo 15 a continuous coboundary, i.e. there exists a continuous linear
map X : gaw(P) — 3, such that e (€,1) — Orer(&,1) = M([n, €])



5.4. Reduction to Bundles over St 62

Proof: Since the horizontal component of o(X) coincides with the horizontal
component of ¢’(X), the vector field o(X) — ¢/(X) is vertical and K-invariant,
hence represents an element vy € gau(P) = C>(P,£)"X. Under this identification
the action of the vector field o(X) — o/(X) on C*(P, €)X changes to the pointwise
adjoint action of vy (cf. Lemma . Hence we get

R(& V5 () = £(& V5 ) = k(& (o(X) = o'(X)).)
= k(& vx.n) = “(fa [VX,U]) = r([n, €], vx)

and thus @H7g<£,n> - @m,a'(ﬁ,ﬁ) = |:X = “([7775]7 VX)M] = )\([n’gD for

A:gau(P) — 3 € [X = 5, vl

O

Remark 5.3.8 Since for central extensions we are only interested in cocycles mod-
ulo coboundaries, we will suppress the dependence [@,,] € H?*(gau(P),3) on the
connection ¢ when dealing with central extensions. Note that the behaviour of
[W.»] is not totally independent form the geometry of P since the previous proposi-
tion says that the sole property of the geometry on P that influences [@, ] is which
connections can occur.

5.4 Reduction to Bundles over S!

Throughout this section we will consider the period map for the covariant cocycle
Wy, for a K-bundle with connection o, compact base space and locally exponential
Lie group K, defined on m (Gau(P)o).

Lemma 5.4.1 If P := (K,M,P,7) is a K-bundle, f : N — M is smooth,
f*(P) = (K,N,Q,pry) is the pull back of P and fp : Q@ — P the induced ho-
momorphism of K-bundles, then

foa : Gau(P) — Gau(f*(P)), v 7o fp,
where Gau(P) & C*(P, K)% and Gau(f*P) = C=(Q, K)X is a Lie group homo-

morphism.

Proof: First we observe that for (p,n) € Q = {(p/,n') € PxQ :7n(p) = f(¢')} we
have

(o) k= K@k = (- k) = 1(fp((0.0) - k)
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since fp(p,n) = f(p) and hence vy o fp € Gau(f*(P)). Obviously fq.. is a homo-
morphism of groups and hence it remains to check whether fg,. is smooth. The
local description of fg,, is

fcau((%')z'ezn) = (%‘ © fi)ie[na

where f; ;== f ‘ PR and hence componentwise fg., is the map
(fi)x : C¥(Vi, K) = C=(f"1(V,),K), y—~ofi

These maps are smooth due to Corollary and hence fg,, is smooth.
O

Remark 5.4.2 The preceding proof shows that the Lie algebra homomorphism
dfau(€) induced by fq,, is given by

77777

if we consider gau(P) = g(P) C @, C>®(V;, ) in the local picture. In the global
picture, where gau(P) = C°°(P, €)X this leads to

dfcanle) : gau(P) — gau(f*(P)), & Eo fp.

Lemma 5.4.3 Let P = (K, M, P,7) be a K-bundle with connection o, compact
base space M and locally exponential structure group K, o € C*°(S', M) such that
im(a) C int(M) and og,, : Gau(P) — Gau(a*(P)). IfY is a s.c.l.c. space and
k:txt—Y asymmetric invariant bilinear form, then

Aa O perg = Agi 0 per, 0 Ma(ga) (5.3)

Wo, M

holds, where To(Qigay) 1S the homomorphism on the second homotopy groups induced
bY Qgan, Wonr 15 the covariant cocycle on gau(P) corresponding to o and wsi is the

cocycle on C*(S!,¢).

Proof: Note that we suppressed the dependence of perg_ and per,,, on the
bilinear form x. We denote by €2j; the left invariant form corresponding to @, i
and by g the left invariant form corresponding to the covariant cocycle w,s1 =
a*(Qr)(e). Note that this cocycle corresponds to the pull back of the connection
o to a connection on a*(P), e.g. obtained via pulling back the connection form
from P. Since €, is left invariant, so is A,0 Qpr with (Ay0 Qar)(e) = Ay 0@y pr. In

addition, o, (Q2st) is left invariant since

Ly (0, (251)) = (g © Lg) " (Qs1)

= (LaGau(g) © aGau) (QSI> = C(Gau (Lagau(g) (QSI>) = aGau(QSI>7
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where 7) holds since ag,, is @ homomorphism and i7) holds since (g1 is left invariant.
Thus the Q'(S',Y)/dC>(S!,Y)-valued 1-form o, (Qg1) is determined by its value
in e which is given for &, 7 € gau(P) = C°(P, €)X by the representative in Q*(M,Y)

(X — k| dag..(€).€, Vx(dac;au(e).n)> ) = <X — /{(foona,VX(ﬁOozP))Sl)

St
for X € V(S')
/ ’%(6 o ap, Vat (/’7 o ap))gl dt = / /{(57 Vda(t).at (U))Mda

St a
and hence g1 0 o, (Qs1)(e) = Ao Quy (e). For [5] € mo(Gau(P)) we have thus

Ast (per@gl <7r2 (aGau([ﬂ]))>) = gt <per&)Sl ([aGbm o ﬁ]))
= )\Sl </aGauoﬁ QSI > = )\§1</ﬂaéau Q§1 ) = /ﬁ)\gl O O./zau<Q§1)
= [ da 2= ([ s ) = alpers,,, (1))
B B

= per,,, this establishes .

. Applying Ag1 to the class of this 1-form yields

and since perg .
o,

O

Lemma 5.4.4 If K is an topological group and k : [0,1] — Kq continuous, then
there ezist a continuous curve S : [0,1] — C(R, K) such that S(t)(0) =e

St +n) = SH)(x)k(t")
holds for all t € [0,1] and n € N.

Proof: Let 7 : [0,1] — K be contmuous such that 7(0) = e and 7(1) = k(0).
and consider the 2-simplex A := ((0 0), ) C R?%. Then we construct
amap o : A — K by setting ¢((0,7)) = (t) (( ,1)) = k(s) and requiring o
to be constant on lines perpendicular to ( ) Furthermore we construct

o' :]0,1] x [0,1] — K by setting o'(z) = a( ) 1f r € A and requiring ¢’ to be
constant on lines perpendicular to ((1, 0), (1, 1)) This results in a continuous map

for which o((s,0)) = e and o((s,1)) = k(s) holds. Hence
S 0,1 xR — K, (t,8)— o' (t,s —n)k(s)",

where n is the unique integer such that s —n € [0,1) defines a continuous map.
Since C'([0,1],C(R, K)) = C([0,1] x R, K) [GI503, Chapter 23] this map defines a
continuous curve S : [0,1] — C(R, K) with the desired properties.

O
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Lemma 5.4.5 If P = (K, M, P,7) is a K-bundle with connection o, K is finite-
dimensional and o; € C(S', M), i = 0,1, are two smooth maps homotopic to each
other, then the induced mappings

*

@ Gan * Gallo (P) — Gaue,, (o (P)), v — yoap

are homotopic, considered as maps into the topological space QLK x K underlying

Gatloy, (a* (73)) )

i

Proof: Consider a continuous map F : [0,1] — C*(S!, M) such that F(0) = «aq
and F(1) = ay. Then each K-bundle F(t)*(P) is described by an element k(t) € Ky
determined by

(t)hor (0) - k(t) = a(t)nor(1).

Since ay,, depends continuously on t so does k such that ¢t +— k() describes a
continuous curve in K. Then the preceding lemma yields a map S : [0,1] —
C(R, K) such that S(t)(z +n) = S(t)(z)k(t)” and S(t)(0) = e for each t € [0, 1]
and all n € N. Hence the homeomorphism

Gatleou (F(1)"(P)) = Cry (R, K) — QK x K
is the map
Hy : Cyy(R, K) — QK x K, vy (S(t)yS(t)"'(0)71,7(0)),

(cf. Proposition |5.2.3]). The QK-component depends continuously on ¢ since it is is
a product of elements in the topological group C(R, K) which depend continuously
on t. Hence the map

F:[0,1] x Gaugw(P) — QK x K, (t,7) — H,((v0 F(t)gu))

is continuous with F(0) = agga, and F(1) = aq g

O

Corollary 5.4.6 If P = (K, M, P,) is a K-bundle with connection o and com-
pact base space M, then im(per;, ) C Hip(M,Y).

Proof: Since the inclusion Gau(P)y — Gau,(P)o is a weak homotopy equiva-
lence we see that A, o per;, = Agi o per,,, o mo(a) depends only on the homotopy

class of o and hence per, ([3]) € Hagi(aryy (cf. Remark [5.1.2).
U
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Lemma 5.4.7 If P, = (K,S', By, ) is a finite-dimensional K-bundle over S* and
f e C>=(S',Sh), then

To(faan) : M2 (Gau(Py)) = m(CO(S', K)) — m (Gau(f"‘(P@)) >~ 7, (C(SY K))

is given by m(fe.) ([a]) = deg(f) - [a].

Proof: Since incl : Gau(Py) — Gau.(Px) is a weak homotopy equivalence it
suffices to consider the map

T2 (faan) © T2 (Gallegn (Pr)) — Wz(Gaucont(f* (Pk))>, Y= Y0 fou-
Due to Corollary [5.2.5 we have 7, (Gat,ou (Pr)) = m(Ci(SY, K)) such that m(f)
la]

is given by m(f)([e]) = [f o] for [o] € 7 (C,(S*, K)) and this map equals deg(f)
by [NMO3 Lemma 1.10].

O
We now have collected the material to come to the main result of this section.

Theorem 5.4.8 (Reduction Theorem) If P = (K, M, P, ) is a finite-dimen-
stonal K-bundle, compact base space M, Y a s.c.l.c. space and k : € X ¢ — Y
a symmetric invariant bilinear map, then Ilz,, = im(pery ) C Y*, where k

denotes the rank of Hy(M)/tor(Hy(M)), is isomorphic to Hfjglﬁ C Yk,

Proof: As before we suppress the dependence of the cocycles on k. The isomor-
phism between Y* and Hlz(M,Y) is given by
3).
ZEIn

for a; € C°(S*, M), where ([ai})ieln is a basis of Hy(M)/tor(H,(M)). The inverse
isomorphism Y* — Hlp(M,Y) is then given by (y;)icr, — Y1y 6(fi) - y; where
fi € C°°(M,S') is such that deg(w; o f;) = d;; (c.f. Remark . Note that we
do not have to make additional assumptions about the mapping properties w.r.t.
boundaries since S! = @. Hence we get with the preceding and Lemma m

(M) = Y5 (@ ([

(£

)\Oéi o perd)lw’a o 71-Q(f‘j Gau) - >\§1 o perwsl o 772(011‘ Gau) o 7T2(f] Gau)
= g1 o per,,, 02 ((fj 0 @i)an) = deg(fj 0 i) - Ag 0 per,, |

= 513 . >\Sl O perwgl
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since perg , = per,, is a homomorphism and Ag: is linear. Applying the inverse
isomorphism Y* — H (M,Y), this leads to

perg,, <im(7r2(fj))) = [0(f;)]im(Ag: 0 per,, , ).

and hence we have
im(pery,, ) 2 @ [6(f1)] - Ae: (im(per,,,)) = im(per,, )"
i=1

On the other hand A,, o per;,, = per,,, o mo(cy;) implies directly

1

perdl\/j’g g [5(f1>] ’ )‘Sl (im(perwgl))7

such that

im(per@M’U) - GB [5(]@)] - Ast (im(perwgl)) & im(perwgl)".

5.5 Integrability of w,

We now turn to the question, whether for a given K-bundle the central extension

of Lie algebras 3(Y) — g := 3(Y) @z, ¢ = g integrates to a central extension of
Lie groups. There may be two obstructions, one is that the image of the associated
period map may not have discrete image and the other is that the adjoint action
of g on g may not integrate to an action of G.

Theorem 5.5.1 If P = (K, M, P,7) is a finite-dimensional K-bundle with com-
pact base space M and k : € x € — V(®) universal, then the image of the period map

associated to the covariant cocycle (§,1) — [/{(f, VX(n))} has discrete image.

Proof: We only have to put former results together. Theorem implies that
im(per;, ) is discrete if and only if this is the case for per,, ; and Proposition

implies that it is discrete if K is finite-dimensional and € x ¢ — V/(¢) universal.
0

We now turn to the second question.
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Lemma 5.5.2 If P = (K,M,P,7) is a K-bundle, f € C®(P,K)X and X €
V(P)E, then 6'(f)(X) € C°(P, &)K.

Proof: Unwinding the definitions we get
O'X)) (- k) = sy (f(p- k))-df (p- k). X (p- k)
= A sy (F(p - ))-df (p - k)-dpi(p)- X (p) = dAsy (£ (0 K))-d(f © p1) (p)- X (p)
= s (f(0 k) (60 £) X (0) = Dy (6 (F0) ) e (£ (1) df () X (p)
(

= d(Xey (s © ) (f(p)-df (p). X (p ):d(ckoAf(p)*l) If (p)-X(p)
= (Ad(k).6"()(X))(p).

/-\

O

Proposition 5.5.3 Let P = (K, M, P, ) be a K-bundle with connection and com-
pact base space, Y be a s.c.l.c. space and k : € X € — Y be an invariant symmetric
bilinear form and define

6 : C™(P, K)N = Lin(C™(P,&)" 51(Y)), O()(&) = [n(5'(/).€),].

Then we obtain for the covariant cocycle & (€, 1) |:K, &, Vx( ))] an automorphic
action of C=(P, K)X on ggl(\P) =3m(Y) Do, gau(P).

Proof: The calculations in [NMO03, Proposition II1.3] which are purely algebraic
apply to the considered case as well.
O

Theorem 5.5.4 If P = (K, M, P,7) is a finite-dimensional K-bundle with com-
pact base space M and k : € x ¢ — V() universal, then there exists a central

extension of Lie groups Z — Gau(P), - Gau(P)y such that Z = 3(Y)/T" for a
discrete subgroup I' C 33,(Y) and the diagram

zZz — Gau(P) —— Gau(P)y

! l

—

su(Y) —— gauw(P) —— gau(P)

commutes.

Proof: This is the previous lemma, Theorem and [Neeb 02, Lemma VII.11].
U
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